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Abstract
When a high-intensity optical field impinges on an atom, it ionizes it [1]. The rate
of this ionization depends on the exact time-evolution of the optical field. However,
in quantum mechanics, a precise determination of the time-dependent strong-field
ionization probability is non-trivial. Its definition and the resulting predictions
change with the theoretical models. Photoconductive sampling [2] is a measurement
technique that uses a short photoionization event to resolve optical fields with a
sub-femtosecond resolution. It facilitates insights into ultrafast dynamics like those
of an electron. In photoconductive sampling, the light-matter interaction can be
modeled as a classical Newtonian acceleration of an electron that is set free in
the presence of the optical field that is to be measured, i.e., sampled. However,
in the case of strong-field ionization, this classical description requires using an
ionization rate model with all its ambiguities. Fortunately, the technique’s measured
quantity can be mapped to a quantum mechanical observable. In this work I obtain
a quantum mechanical description for photoconductive sampling that circumvents
the ambiguity present in the definition of an ionization rate. I solve the timedependent Schrödinger equation (TDSE) analytically by making what is known as
the strong field approximation (SFA) [3]. The results from the analytical expressions
are then compared with the results of another ab initio TDSE solver that does
not use SFA. My results provide a definition of ionization rate that is exact and
unambiguous within the context of photoconductive sampling. Comparisons with
the TDSE solver indicate that the excited bound states of the hydrogen atom play
a more active role in strong-field ionization than was previously believed. Of special
experimental relevance is the finding that, for strong-field ionization, reducing the
central wavelength of the optical pulse improves the technique’s time resolution.
Additionally, for the same central wavelength, lower intensities result in shorter
ionization-durations, albeit with diminishing returns. This trend reverses beyond a
certain point.

iii

Contents
Abstract

iii

1. Introduction

1

I. Preliminaries

5

2. Basic Definitions
2.1. Light . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2.2. Ponderomotive Energy and Keldysh Parameter . . . . . . . . . . .
2.3. Dipole Approximation . . . . . . . . . . . . . . . . . . . . . . . . .

7
7
8
10

3. The Strong-Field Ionization
3.1. Phenomenological Perspective of Strong-Field Ionization
3.1.1. Quasi-Static Tunneling Ionization . . . . . . . .
3.1.2. Multi-Photon Ionization . . . . . . . . . . . . . .
3.1.3. Everything in Between . . . . . . . . . . . . . . .
3.2. Strong Field Approximation . . . . . . . . . . . . . . . .
3.3. Obtaining the Time-Dependent Continuum-States . . . .

.
.
.
.
.
.

11
11
11
13
13
14
15

.
.
.
.
.
.
.
.

19
19
21
21
22
24
26
27
27

5. Alternative techniques
5.1. Attosecond Streaking . . . . . . . . . . . . . . . . . . . . . . . . . .
5.2. TIPTOE . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

31
31
32

.
.
.
.
.
.

.
.
.
.
.
.

4. Resolving Optical Fields with Photoconductive Sampling
4.1. Origins of Photoconductive Sampling . . . . . . . . . . . . .
4.2. Extending Photoconductive Sampling to Attoseconds . . . .
4.3. Photoconductive Sampling . . . . . . . . . . . . . . . . . . .
4.3.1. Classical Interpretation . . . . . . . . . . . . . . . . .
4.3.2. General Description . . . . . . . . . . . . . . . . . . .
4.3.3. The Gating Function Versus Ionization Rate . . . . .
4.3.4. Linear Photoconductive Sampling . . . . . . . . . . .
4.3.5. Nonlinear Photoconductive Sampling . . . . . . . . .

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

.
.
.
.
.
.
.
.
.
.
.
.
.
.

v

Contents
6. Ab Initio Simulations
6.1. Time-Dependent Recursive Indexing . . . . . . . . . . . . . . . . .
6.1.1. irECS—Infinite Range Exterior Complex Scaling . . . . . .
6.1.2. tSurff and iSurff—Time-Dependent and Infinite Time Surface
Flux Methods . . . . . . . . . . . . . . . . . . . . . . . . . .

35
36
36

II. Analytical Theory

39

7. Delay-Dependent Residual Drift Current
7.1. Derivation under the Strong Field Approximation . . . . . . . . . .
7.2. Obtaining the Current from Ab Initio Results . . . . . . . . . . . .

41
41
44

8. Gating Function

47

38

9. The Drift Current and the Gating Function of the Hydrogen Atom 53
10.Approximations Involved in Obtaining Analytical Results

57

III.Results and Discussions

61

11.Linear Photoconductive Sampling

63

12.Nonlinear Photoconductive Sampling
12.1. Comparison with Quasi-Static Tunneling Ionization Rates . . . . .
12.2. Comparison with tRecX . . . . . . . . . . . . . . . . . . . . . . . .
12.3. Detailed Inspection of the Gating Function . . . . . . . . . . . . . .

67
68
69
73

13.Concluding Remarks

83

List of Figures

85

Bibliography

87

vi

1. Introduction
Sixty ticks of a clock make a minute. That single tick occurs because a quartz crystal
resonator oscillates 32768 times to count a second [4]. One such oscillation takes only
about 30 micro-seconds [5]. Further down the scale are the atomic and molecular
interactions causing this and they last only a few picoseconds. One might assume
that it is possible to continue going to ever shorter time scales, however, the journey
naturally concludes at attosecond— the scale at which quantum mechanics occurs.
This is the timescale at which all electron dynamics can be resolved. Beyond this
one would get into the dynamics within the nucleus, which are not as important in
determining electronic and chemical properties of a medium. By resolving dynamic
behavior of the electrons, one hopes to better understand the underlying fundamental
physics. Eventually, this knowledge might be useful to control electronics with that
speed. A future where electronics can be clocked at a petahertz [6] is indeed very
enticing.
The study of physical dynamics at attosecond time scale is called attosecond
metrology. It started in 2001 with the ability to produce sub-femtosecond light
pulses [7] to create a measurement technique called attosecond streaking [8, 9].
Since then, physicists have invented several other techniques capable of attosecond
metrology— TIPTOE [10–12], mid-infrared electro-optic sampling [13, 14], and
photoconductive sampling [15–17] to name a few.
The focus of this thesis is photoconductive sampling. It is a technique that exploits
photoconductivity— a medium’s ability to become conductive when a photon
impinges on it [18]— to resolve the electric field of a light pulse. One may model
photoconductive sampling in the following manner: the injection pulse abruptly
makes the material photoconductive. While photoconductivity is changing, i.e.,
during the time that the injection pulse is photoinjecting charge carriers, the
drive pulse accelerates these free charges. This changes the charges’ momentum
distribution whose cumulative effect is a drift current unique to the exact time
evolution of the drive pulse. The drift current can be picked up by the metal
electrodes, either directly due to the free charges reaching them or via mirroring.
By delaying the arrival time of the drive pulse, the moment during which injection
occurs can be controlled to sample distinct parts of the drive pulse, yielding a delaydependent drift current. For a sufficiently weak drive pulse, its vector potential and
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the measured delay-dependent drift current is linearly related:
Sd (ω) = Adrive (ω)G⋆ (ω),
where ω is the angular frequency, Sd the drift current, Adrive the vector potential of
the drive pulse, and G a response function that is purely determined by the medium
and the injection pulse. The drift current is an experimental observable and
Sd = −e N ⟨p · êdrive ⟩ ,
where e is the elementary charge, N the number of ionized atoms, êdrive the polarization direction of the drive field, and p the momentum of the free charge carrier—
a quantum mechanical observable.
To model this classically, one needs to know the rate at which the injection pulse
creates free charge carriers in the medium. Finding the ionization rate is non-trivial
and its definition varies with the models used. For the same material and injection
pulse, the predicted ionization rates vary with the models. Moreover, the models
are only valid for a limited domain of an optical pulse’s central wavelengths and
intensities [19–22].
The problem that plagues the definition of ionization rate combined with the
fact that we do have a quantum mechanical observable that perfectly explains
photoconductive sampling motivated the central hypothesis of this thesis:
The delay dependence of the residual electric current, which is a measurable physical observable, may contain sufficient information to retrieve
the ionization rate from quantum calculations, thus reconciling the
quantum and classical models of photoconductive sampling.
Based on this central idea, I aim to achieve the following:
1. Using the strong field approximation (SFA) [3, 19, 23], derive an analytical
solution for the delay-dependent drift current.
2. Comparing the classical and quantum mechanical description of photoconductive sampling , define a quantum mechanical ionization rate that accurately
describes photoconductive sampling.
3. Computing the ionization rate for a variety of pulses, find how to best optimize
photoconductive sampling for the highest time resolution.
4. Compare the SFA results with an ab initio solution of the time-dependent
Schrödinger equation.

2

I have divided this thesis into three larger parts with the aim to save a prospective
reader’s time.
Part I explains all the concepts that are used in the rest of this thesis. None of it
is my original work and only paraphrased from my perspective. chapter 2 defines
the quantities used to quantify an optical pulse and its interaction with a medium.
chapter 3 introduces the strong field approximation, a method to analytically solve
the time-dependent Schrödinger equation. chapter 4 describes how photoconductive
sampling works. chapter 5 contains a brief overview of two other techniques that are
also used for attosecond meteorology, attosecond streaking and TIPTOE. chapter 6
contains the theoretical background of the TDSE solver that I use to benchmark my
own results against. I have prioritized brevity over clarity as all the topics discussed
already have excellent reviews. Rather than describing all the details, I selectively
mention information most relevant for the thesis.
Part II contains a lot of detailed calculations that use the well-known results
of chapter 3 to obtain analytical expressions of the quantities I am interested in.
chapter 7 contains the derivation of the delay-dependent drift current. chapter 8
shows how the analytical expression of the delay-dependent drift current can be
reformulated to reconcile the quantum mechanical expression with its classical
counterpart. I personally find it very enlightening as a few simple transformations
lead to equations with a form that strongly support the original hypothesis that
motivated this thesis. chapter 9 contains the analytical expressions computed
specifically for the hydrogen atom and chapter 10 summarizes all the approximations
that were involved in obtaining the analytical expressions.
Part III contains all numerical results for the hydrogen atom obtained by solving
the equations mentioned in part II. chapter 11 and chapter 12 present the results
for the two sub-types of photoconductive sampling. For benchmarking, chapter 12
also contains plots comparing the predictions made by my analytical theory and the
predictions of an ab initio TDSE solver that does not make the approximations used
in the former. Finally, chapter 13 summarizes the conclusion made in the previous
chapter and has some additional remarks to invigorate further discussions.
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Part I.
Preliminaries
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2. Basic Definitions
2.1. Light
Based on Maxwell’s equation [24], a light wave is defined as an electromagnetic
wave that propagates in the direction k at the speed of light c in vacuum, with
electric and magnetic fields, E(t) and B(t), given by
E(t) = −∇ϕ(t) −

∂A(t)
,
∂t

B(t) = ∇ × A(t).
Here, A and ϕ are the vector and scalar potentials that are not unique, such that
potentials
A′ := A + ∇ψ
∂ψ
ϕ′ := ϕ −
∂t
also result in the same electromagnetic fields. This freedom in choice of the scalar and
vector potentials is an example of gauge freedom. Formulating the Hamiltonian
of a system requires an explicit or an implicit gauge choice. However, fixing the
gauge should not change the observable physical reality [25] and the choice is often
a matter of mathematical convenience.
In vacuum, E ⊥ B ⊥ k. A light wave is linearly polarized if its electric field is
confined within a single plane, the polarization direction, along the direction of
propagation.
Introductory texts often limit discussions of light-matter interaction to a light wave
of a specific frequency. Such an object does not have a beginning or an end in time.
A light pulse on the other hand is a wave packet—a superposition of light waves
of multiple frequencies and intensities. A pulse has a finite width both in time and
frequency domains. The term ‘optical field’ also refers to a light pulse and it helps
distinguish the effects of the electromagnetic field of light from any other field.
A light pulse can be arbitrarily complicated and quantifying it requires simultaneous
knowledge of both its spectrum, and its time dependent phase. Techniques such as
the one being investigated within this thesis facilitate such measurements. My aim is
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not an exact simulation of the laboratory conditions. I want to gain useful physical
insights. Idealized conditions are better for that. For my numerical simulations, I
use pulses whose electric field can be defined mathematically as:
E(t) = E0

ξ(t)ei(ω0 t+η) + ξ ⋆ (t)e−i(ω0 t+η)
ê,
2

(2.1)

where ê is the polarization direction, E0 the maximum electric field, ξ(t) the pulse
c
envelope or the envelope function, η the carrier-envelope phase, and ω0 = 2πλ
the
0
central angular frequency of the carrier wave. The intensity of such a pulse is:
I0 =

cϵ0 E02
.
2

The choice of envelope function is not as important so long as it does not cause
spurious ionization due to moments of sudden turn-off and turn-on of the optical
field. In simulations, the envelop function is often defined for the integral of the
electric field, rather than the field directly as this ensures that the integral of the
field over the entire pulse duration is zero. If this condition were violated, any
electron that was free before the arrival of an optical field would gain a nonzero
momentum due to the interaction with this field. This should not occur in the
non-relativistic regime. I use the ’cos8’ pulse envelope [26],


ξcos8 (t) := cos 2 arccos 2−1/16
8

t
τFWHM


.

Here, τFWHM defines the width of the envelope function at half maximum. The
actual pulse duration can be modulated with this.
The carrier-envelope phase defines the alignment between the maxima of the envelope and the wave. The two extreme cases are the ’cosine’ and the ’sine’ pulses
shown in Figure 2.1. I define intensity in watts per centimeter squared (W cm−2 ),
wavelength in nanometers (nm), and FWHM using either femtoseconds (fs) or
optical cycles (OptCyc). An optical cycle defines the time it takes for a laser of a
given frequency to complete one cycle, i.e., a complete back and forth. It is used to
quantify the number of oscillations the defined laser pulse makes.

2.2. Ponderomotive Energy and Keldysh Parameter
The average kinetic energy with which a free electron would quiver due to the
acceleration by the optical electric field E(t) is called ponderomotive energy. It is
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Figure 2.1.: Visualization of a light pulse defined using a central frequency and an
envelope function. The ‘cosine’ and the ‘sine’ pulses represent CEPs
where the wave is in phase and out of phase respectively [27]
given by
2e2 I au E02
e2 E02
=
Up =
=
.
4me ω02
cϵ0 me 4ω0
4ω0

(2.2)

Here, ϵ0 is the vacuum permittivity, c the speed of light, e the electron charge, and
me its mass. Using atomic units (au) corresponds to setting e = me = h̄ = a0 =
1, ϵ0 = 1/4π, αc = 1, and α ≈ 1/137.
To quantify the strength of the optical field relative to the medium, knowledge of
the energy needed to create a free electron, the binding energy, is necessary. For
the hydrogen atom,
Ebind := Eion. := Wb = 13.6 eV = 0.5 au.
au

The relation between the photon energy, the frequency, and the wavelength allows
defining the light pulse with respect to a central wavelength, frequency, or photon
energy interchangeably- according to the quantity most relevant for the discussion.
hc
Eν = hν =
= h̄ω.
(2.3)
λ
In atomic units, the photon energy is the same as its angular frequency.
With this I can also define a convenient dimensionless quantity to compare the
binding energy and the ponderomotive potential—the Keldysh parameter
s
√
Wb
c 2mWb
γK =
=
.
(2.4)
2Up
2πλeE0
The Keldysh parameter compares the strength with which a free electron would
oscillate inside an optical field to that of the strength with which an electron is
bound to the atom.
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2.3. Dipole Approximation
For the field strengths and wavelengths that are typically used in photoconductive
sampling, the spatial variance of the optical field can be neglected within the region
occupied by the electron’s wavefunction. It is called the dipole approximation and
it is valid if,
1. The wavelength of the optical field is large compared to both the extension of
the relevant bound electron states, and the maximal excursion distance of a
free electron during the light-matter interaction.
2. The magnetic field of light negligibly influences electron motion, which implies
that the velocities of charged particles must be nonrelativistic.
Making the dipole approximation implies that
A(r, t) ≈ A(t)
=⇒ B = ∇ × A ≈ 0

10
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3.1. Phenomenological Perspective of Strong-Field
Ionization
In physics, cases close to the upper and lower limits of a phenomenon are often
the quite instructive. These cases might not be the ones achievable in laboratories,
but they are especially useful for explaining the observed reality using digestible
pieces of information. It is also nice because even the most complicated theoretical
equations can be simplified under limits. As first demonstrated by Keldysh [19] the
nature of strong-field light-matter interactions and thereby their limiting cases are
determined by three things: the binding potential, Wb , the photon energy, and the
ponderomotive energy, Up .
With this preamble, I am in a position of defining the extremities of light matter
interactions in question: Up ≪ Wb (γK → ∞) and its complement. When Up ≪ Wb ,
ionization occurs via electron-photon interaction. On the other hand, when Up ≫ Wb ,
the electric field of the light pulse is so strong that ionization would occur primarily
due to the electrons tunneling out of the binding potential, which gets extremely
skewed (Figure 3.1) under the effect of the optical field.
"Up ≫ Wb " is not a very precise quantification for a "strong" field. It only
defines limits, and I certainly should not use these to define two distinct regimes
of light-matter interactions. To remedy that, I would like to present a theoretical
model and define the two extremes of ionization processes, tunneling ionization and
multi-photon ionization, based on the validity of that theoretical model.

3.1.1. Quasi-Static Tunneling Ionization
For a moment let us forget about optical fields. Consider a simple DC electric
field acting on a medium. For hydrogen atom, an external DC field will lower
the Coulomb potential barrier. Although the electron still does not have enough
energy to exit the atom classically, it can now tunnel through the lower barrier as
portrayed in Figure 3.1 The stronger the applied DC field is, the more suppressed
the Coulomb potential gets and the more likely ionization via tunneling becomes.
Landau examined this problem for the hydrogen atom [29] and found that for DC
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Figure 3.1.: A schematic representation of how an electric field ‘skews’ the Coulombic
potential to allow bound electrons to tunnel out. Taken from [28]
field E, the ionization rate w is
ΓDC





4 Wb /a0 au 4
2 1
8Wb Wb /a0
exp −
=
exp −
.
=
h̄ |eE|
3 |eE|
|E|
3 |E|

From this result, one can quantify the characteristic field of tunneling ionization:
b
Etunn = 2W
. As this is such a simple and intuitive expression, an extension to
ea0
alternating electric fields, like the ones of the optical pulses, would be particularly
useful. Making this jump is not very straightforward as perturbation theory is only
applicable for weak fields. The initial piece in this puzzle was published by Keldysh
[19], which I will discuss in section 3.2. Right now, I only want to define the term
tunneling ionization within the confine of this thesis.
Under certain conditions, it is possible to treat an AC field ionization as if it were
from the DC field. What this implies is that the instantaneous ionization rate is
entirely defined by the absolute value of the electric field at that instant. This is
referred to as the quasi-static approximation. Because the ionization rate does not
depend on the frequency of light, such an ionization event cannot be interpreted
as the absorption of a certain number of photons and is treated as a tunneling
ionization event. An example of the quasi-static tunneling rate is given by the
Ammosov, Delone, Krainov (ADK) formula [20].
ΓADK (E) =

Cn2⋆ ,l


f (l, m)|Wb |
s
×

12

25/2
|Wb |3/2
E

2n⋆ −|m|−1



3E
2 (2|Wb |)3/2
exp −
π(2Wb )3/2
3
E

(3.1)

3.1. Phenomenological Perspective of Strong-Field Ionization
The factors n⋆ , Cn⋆ l , f (l, m) are effective factors that allow extending the formula to
more complex atoms.
Keldysh’s formula for quasi-static ionization rate for the ground state hydrogen is
slightly different and defines ionization as a transition from the ground state to a
Volkov state. Elaborated upon later, here, it suffices to know that the Volkov state
represents a free charge in an electromagnetic field.
√
1/2



2 (2Wb )3/2
6π
E
1s
ΓKel (E) = 5/4 Wb
exp −
(3.2)
2
(2Wb )3/2
3
E
In this thesis, whenever the tunneling regime or tunneling ionization is mentioned, I
am referring to field strengths where the quasi-static approach is still valid. Usually,
it is when the Keldysh parameter γK is less than half. However, I would like to
emphasize that it is not the Keldysh parameter but the validity of quasi-static limit
that I use to define the tunneling regime .

3.1.2. Multi-Photon Ionization
For field strengths that are far weaker than the limit at which the quasi-static
ionization model becomes invalid, one lands in the regime of multi-photon ionization.
It derives its name from the fact that in this domain the ionization rate should scale
as [19]
j
k 
W
2 h̄ωb +1

ΓMPI ∝ E0

.

(3.3)

i.e., the ionization rate is proportional to the electric field to the power of twice
the number of photons required to overcome the ionization potential. This is a
significant departure from the exponential e2/3E dependence of the tunneling regime.
I define pure multi-photon ionization regime as one where Equation 3.3 is valid.

3.1.3. Everything in Between
Having strict definitions of multi-photon ionization and tunneling ionization leaves a
large domain of wavelength-intensity combinations, where neither of the ionization
regimes is valid. As the two processes were the result of inspecting the limiting
cases of an analytical formalism, the best way to study domains where neither of the
two simplifications works is to look at the original formalism itself—the strong field
approximation. I call this the intermediate regime. For an ionization rate model
that is valid in this regime, it might be possible to crudely explain the observations
made by considering a simultaneous multi-photon interaction and Coulomb barrier
suppression. This is a helpful visualization but, the actual explanation of strong-field
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ionization in the intermediate regime is the analytical expression itself— irrespective
of its complicated form. If necessary, one may try identifying the two phenomena
within the expression, providing mathematical support to an intuitive argument.

3.2. Strong Field Approximation
The strong-field approximation (SFA) describes an approach to solving the time dependent Schrödinger equation (TDSE) for an electron that escapes from a medium’s
binding potential due to interaction with a strong electromagnetic field. First
popularized by the Soviet physicist Leonid Keldysh [19], it is still widely used by
theoreticians working in strong field laser physics owing to its simplicity and its
capability of providing phenomenological insights. It qualitatively describes most
of the physics involved in strong-field ionization, and the community is aware of
the processes not encapsulated in this model. Thus, it serves as a springboard to
contextualize the results obtained from an experiment, both numerical and physical.
Crudely, SFA may be understood as a perturbative solution. The electron starts in
the ground state and is excited by the strong field. While conventional perturbation
theory considers the amplitude of an optical field’s oscillations to be negligible,
Keldysh’s approach considers fields that are strong enough to neglect the Coulomb
potential’s influence on a free electron. When the average photon energy of the
optical field is smaller than the ionization potential, Keldysh’s approach assumes
that a ground state electron directly transitions to a continuum state that is free
from any Coulombic influence and is only modulated by the electromagnetic field.
Thus, the continuum state can be approximately modeled as a Volkov state. The
Volkov states are the solution of a Hamiltonian describing a particle with charge q
and mass m that experiences the electromagnetic field of light wave. They may be
obtained either by solving the Klein-Gordon or the Dirac equations. There is some
ambiguity with respect to the exact equation whose solution is being referred to when
the Volkov Solution is mentioned. Here, I explicitly mean the non-relativistic limit.
I refer the reader to existing literature [30] for the explicit relativistic solution and
a discussion about important properties like completeness and orthogonality. The
assumption that the electromagnetic field is so strong that the Coulomb potential
may be completely ignored is what gives the strong-field approximation its name.
There are far too many review articles discussing the strong-field approximation at
length. For a detailed review, I would refer the reader to [31]. For this thesis, the
briefer review article [32] contains all relevant information. Prioritizing brevity over
completeness, I will selectively summarize SFA, presenting the equations that are
the most relevant for this thesis.
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3.3. Obtaining the Time-Dependent
Continuum-States
My final aim is to obtain an analytical expression for the delay-dependent drift
current described in chapter 4. It can be mapped to the expectation value of
the momentum of the free electron in the direction of the drive field. To obtain
the analytical form for any expectation value, I first need an analytical formula
for the time-dependent continuum wavefunction, that is, the wave function of the
ionized electron as a function of time. This section deals with the derivation of this
wavefunction using SFA. Everything is in atomic units so e = h̄ = me = 1
The time dependent Schrödinger equation is given by:
∂
|Ψ⟩ = Ĥ(t) |Ψ⟩ .
∂t
The time evolution of an initial state |Ψ(0)⟩ is given by
i

|Ψ(t)⟩ = T̂ e−i

Rt
0

dt′ Ĥ(t′ ))

|Ψ(0)⟩ ,

(3.4)

(3.5)

where |Ψ(0)⟩ := |ϕ0 ⟩ is the ground state of the system. The Hamiltonian relevant
for me has a combination of the Coulombic potential and the potential of the electromagnetic waves. There are numerical methods to solve this entire Schrödinger’s
equation. For example, I use an open-source package, tRecX (chapter 6), to do that.
However, I aim to have some useful analytical expressions and for that, some form
of simplification is needed. A Hamiltonian frequently contains a part, for which
Equation 3.4 has a known analytical solution. Then a perturbative approach can be
used to find an approximation solution of the TDSE for the entire Hamiltonian.
If the interaction with the electromagnetic waves were ignored for a second, there
would only be the static potential to deal with. For atomic Hydrogen, exact solutions
[33] are known. For other media, many methods exist to obtain good approximations
. For example, in solids, Kohn-Sham’s density functional theory (DFT) [34] can be
used to obtain the energy band structure.
If the static binding potential were absent but an external electromagnetic field were
present, the TDSE would have had the well-known Volkov solution which describes
a free charged particle oscillating in the field.
Thus, the problem of a charged particle within a binding potential and that of a
free-charged particle within an optical field are independently solvable. Bifurcating
the actual Hamiltonian to reflect this should be a good start.
Ĥ(t) = Ĥ0 + V̂L (t),
Ĥ0 is the unperturbed Hamiltonian of the atom and can directly act on the initial
ground state. V̂L (t) = −d · E(t) expresses the interaction with the electromagnetic
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pulse in length gauge, where d is the dipole moment of the system, and E(t) is the
the electric field strength at time t. Treating V̂L (t) as the interaction term, I obtain
Z

t

|Ψ(t)⟩ = −i

dt′ e−i

Rt

t′

Ĥ(t′′ )dt′′

V̂L (t′ )e−i

R t′
0

Ĥ0 dt′′

|ϕ0 ⟩ + e−i

Rt
0

Ĥ0 dt′′

|ϕ0 ⟩ ,

(3.6)

0

which is an exact solution for such a Hamiltonian, as can be checked by substituting
it in Equation 3.4. The time ordering is now implicit with Ĥ(t). This is done
only for brevity. The second term on the right-hand side reflects the fact that the
electron is initially in the ground state.
I am interested in free charge carriers, that is, projection onto the continuum. When
projecting the final time dependent state on some continuum state with momentum
p, the second term in Equation 3.6 will drop out as there cannot be any overlap
between the unperturbed ground state and the continuum.
Z
|Ψp (t)⟩ = −i

t

dt′ |Ψp,t ⟩ ⟨Ψp,t | e−i

Rt

t′

Ĥ(t′′ )dt′′

V̂L (t′ )e−i

R t′
0

Ĥ0 dt′′

|ϕ0 ⟩ ,

(3.7)

0

where Ψp,t represents the exact continuum state corresponding to momentum p at
time t. So far, everything was exact, and I only managed to make a more ominous
equation. The continuum state that I projected everything onto is not even a plane
wave and is assumed to be some general function of unknown form. This can be
simplified by using SFA, i.e., all effects of the Coulomb potential are ignored once a
charge-carrier is in the continuum, only the optical fields matter. Since the Volkov
solution is exact for a free charge-carrier in an optical field, the primary assumption
of SFA implies that
ei

Rt

t′

Ĥ(t′′ )dt′′

|Ψp,t ⟩ ≈ ei

Rt

t′

Ĥoptical (t′′ )dt′′

|Ψp,t ⟩ 7→ ΨVolkov
(t′ )
p

In the coordinate space,
|r⟩ r

ΨVolkov
(t′ )
p



Z
1
i ∞ ′′ 2 ′′
′
= 3/2 exp ip(t ) · r +
dt p (t )
2π
2 t

Within the dipole approximation I can ignore the magnetic field of an electromagnetic
pulse. The scalar potential free electric field is E(t) = − ∂A
. Thus,
∂t
Z
A(t) :=
t
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∞

dt′ E(t′ ).

3.3. Obtaining the Time-Dependent Continuum-States
If the initial momentum pi is known, momentum p(tf ) can be calculated using
classical equations of motion [35]:
Z tf
p(tf ) = pi +
dt′ a(t′ )
t
Z itf
= pi −
dt′ E(t′ )
ti

= pi − (A(ti ) − A(tf )).
The conserved quantity P := p(tf ) + A(tf ) is called the canonical momentum. In
terms of the momentum measured after all optical fields have completely vanished,
which will be the same as the canonical momentum, the above equation can be
rewritten as
pi = p(tf → ∞) + A(ti ) − A(tf → ∞) = p + A(ti )
=⇒ p(t′ ) = pi − (A(ti ) − A(t′ )) = p + A(t′ )
This definition allows using plane-waves instead of the abstract representation of
the continuum states. For the hydrogen atom,
Ĥ0 |ϕ0 ⟩ = −Wb |ϕ0 ⟩ ,
and using the dipole approximation,
V̂L (t) = d · E(t) in length guage.
With all this Equation 3.7 gets simplified to:
Z ∞
R
i ∞
′′ 2 ′′
′
|Ψ(p)⟩ = −i |p⟩
dt′ e− 2 t′ [p+A(t )] dt e+iWb t
0
′

(3.8)

′

⟨p + A(t )| d · E(t ) |ϕ0 ⟩
This is the wave function of an electron excited from the ground state to a state
with the final momentum p with which all expectation values in the continuum can
be calculated.
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4. Resolving Optical Fields with
Photoconductive Sampling
4.1. Origins of Photoconductive Sampling
Given sufficient intensity and photon energy, light pulses modify the electron distribution inside a material, changing its electronic properties. In 1975, D.H. Auston
used this fact to create an extremely fast optical switch, the Auston switch [36].
Using picosecond optical pulses to change the electrical properties of a Pockel’s cell—
a Pockel’s effect [37] based electro-optic crystal in which the light phase can be
modulated by applying an electric voltage— he demonstrated the ability to switch
electric signals with picosecond time precision. It has since led to an entire class of
electronic devices, opto-electronics, which exploit photon-electron interaction inside
solids to detect and control light [38].
In his demonstration, D.H. Auston measured the electrical conductivity across a
silicon substrate. The bias across the substrate was set to 20 volts. Two pulses with
central wavelengths of 1.06 micrometers and 0.53 micrometers were focused on a
gap on the substrate. While the 0.53 micrometer pulse increased the conductivity
at the surface, the 1.06 micrometer pulse penetrated deep enough to short the
circuit by connecting it to the ground, breaking the flow of current. The delay
between the two pulses could be controlled, allowing fast, user-defined switching of
the semiconductor device. This is shown in Figure 4.1, taken directly from Auston’s
original work. The first part is the schematic representation, the second being the
case where the 1.06 micrometer pulse is not present to switch off the circuit, and
third which clearly demonstrates the fast switching. The speed of this switch is
only limited by the speed at which the electrons inside the material respond to light
pulses. If the second pulse comes before any charge carriers could be created, the
switch fails.
The Auston switch successfully applies two concepts. First, light pulses modify the
medium’s electronic properties momentarily. Second, the knowledge of the physical
change caused in the medium by a second pulse allows finer grained control in time.
Photoconductive sampling is an extension and a generalization of the idea behind
the Auston switch. Rather than a simple on/off state, the current is measured.
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Figure 4.1.: The Auston switch in action as demonstrated by D.H Auston [36]. The
measurement shows the change in surface conductivity as 0.53 µm and
1.06 µm pulses impinge on the substrate (Horizontal scale: 3 nsec/div)

Furthermore, instead of creating a fast gate using two light pulses, the technique
flips the idea at its head for field sampling one of those light pulses. The fact that
light pulses have similar effects on atoms and molecules adds even more flexibility
in medium choices.
In the subsequent sections, I will further elaborate on photoconductive sampling
as used in the context of attosecond field resolution. The idea is the same: one
light pulse allows charge conduction; the second pulse modifies it. Note that an
attosecond is much shorter than a picosecond, so the exact physics that allows such
measurements is quite different from its picosecond counterpart.
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4.2. Extending Photoconductive Sampling to
Attoseconds
Within the context of this thesis, photoconductive sampling refers to a technique
being developed in the Laboratory for Attosecond Physics at the Max Planck Institute of Quantum Optics. Its primary goal is achieving sub-femtosecond resolution
of optical fields with a simpler experimental setup.
Resolving events in time requires an event that is even shorter than the subject of
interest. As a practical example, consider a sports photographer trying shoot an
athlete in action. If the shutter of his camera cannot shut fast enough, he will only
capture a blurry mess. This is a fundamental restriction and cannot be circumvented.
A similar restriction exists in frequency domain— the Nyquist’s condition [39]. It
states that to resolve a signal by sampling it at regular intervals, the sampling rate
should be at least twice that of the highest frequency component in the signal. That
is, sampling at least twice as many times per unit of time as the event repeating
the most during that period.
Resolving fast dynamics of a system necessitates an event that is even faster and
well controlled. Electron dynamics occur within a few femtoseconds. Thus, measuring how an electron-wave-packet evolves in time equates to generating ‘something’
that is occurring at a shorter timescale— the attosecond scale. For example, this
‘something’ could be the capability of attosecond pulse generation [7].
Using the ability to generate attosecond pulses, the first technique that could resolve
physics occurring at attosecond scales, named attosecond streaking, was developed.
From its theoretical conception [40] to its initial experimental realization [7], the
technology has matured a lot. It facilitates regular measurements as well as control
of dynamics occurring at these time scales. The review article by Krausz and Ivanov
[41] provides an overview of the past achievements and prospects of this technology.
In the context of sub-femtosecond field resolution technologies, attosecond streaking
vastly predates photoconductive sampling. As I will discuss later, it was developed
to overcome some of the limitations of attosecond streaking.

4.3. Photoconductive Sampling
The name, photoconductive sampling, summarizes a three-step process.
First, light pulse creates or photo-injects charge carriers inside a medium within
a femtosecond [42]. We call the light pulse used for this the injection pulse.
Second, the now conductive medium interacts with another light pulse that is
orthogonally polarized to the injection one; this pulse redistributes the charge
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carrier in momentum space by accelerating them in its polarization direction. Once
all optical pulses have passed the medium, the free charge carriers may have a net
non-zero drift velocity. This second optical pulse causing the charge drift is named
the drive pulse. The field of the drive pulse cannot inject charge carriers by itself.
Third, one measures how the electric current flowing between the electrodes through
an external electric circuit depends on the delay between the injection and drive
pulses. This measured current is believed to be a function of the net charge-carrierdrift at the end of the pulses. The drive pulse, unable to excite by itself, only
separates the positive and negative charge carriers in its polarization direction. The
dipole created by this spatial separation of the charges induces a screened charge
at the electrodes [43], which makes some charge enter the external circuit. The
injection pulse creates electrons within a short time. By delaying the relative arrival
time between the two pulses, one can change the part of the drive field during
which the free charge carriers are available. Thus, the drift current changes with the
delay and sampling the results for many such time-delays, a delay scan, yields
the delay-dependent drift current, which, as will be explained later, is a linear
function of the vector potential of the drive pulse
For more context, I present Figure 4.2. Gold electrodes are attached to the medium,
crystalline quartz, to detect the current. Ei (t) refers to the injection pulse and
Ed (t) refers to the orthogonal drive pulse. The electrodes are placed such that
only the current parallel to Ed would be detected. The energy bands illustrate
how the injection pulse acts upon such medium. Since most of this thesis focuses
on atomic ionization, this example is also useful to show how knowledge gained
from the atomic simulations could be applicable for solids by slightly modifying the
concept of ‘free charge’. The same experiment was also done in silicon dioxide [42]

4.3.1. Classical Interpretation
I examine the case of photoionization in hydrogen to present a classical formulation
of photoconductive sampling. One ignores the spatial variance of the optical pulses
under the so-called dipole approximation (see chapter 2). I use atomic units.
Given the injection field Einj (t), the ionization rate Γion (t) gives the number of free
electrons ionized by the pulse between times t and t + dt. Finding Γion is not trivial
but for a moment, let’s just assume that it was known exactly. The drive field Ed (t),
designed to be incapable of free electron creation, accelerates the electrons created
by the injection pulse.
After time tf , when all optical pulses have completely passed the atom, an electron that became free at time ti with an initial velocity v0 (ti ) will experience an
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Figure 4.2.: Schematic representation of photoconductive sampling performed in
crystalline quartz. In the setup a the injection field Ei creates electronhole pairs (e blue-green arrows) that are then accelerated by the drive
field Ed (e brown arrows). Ed shown in b should change the crystal
momentum by an offset ∆kd (t) (c) that is equal to the integral of Ed .
The offset determines the group velocities v(t) (d). Changing the time
of injection by delaying the Ei by τ will yield different final group
velocities such one gets ∆kd (τ ). Integral of the electric field is also
defined as its vector potential Ad . Image adapted from [44]
acceleration a(t) to have a final drift velocity
Z

tf

Z

tf

a(t)dt = v0 (ti ) −

vd (tf , ti ) = v0 (ti ) +
ti

E(t)dt.
ti

In atomic units, e = 1 and me = 1 so, they have been omitted from the equation.
In photoconductive sampling, the drift of the electron is only measured along Êdrive .
In the classical model, any newly ionized electron will have zero initial velocity in
that direction as the injection field is orthogonal to the drive one— v0 (ti )||Êdrive = 0.
If there were no scattering and no medium boundaries, the final velocity would
remain unchanged till tf → ∞.
Z

tf →∞

vd (tf , ti )||Êdrive := vd (ti ) = −

Edrive (t′ )dt′ .

ti
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The vector potential of an electromagnetic wave is
Z ∞
A(t) :=
E(t′ )dt′ ,
t

so,
vd (ti ) = −Adrive (ti ).
The total drift current Sd measured at the end of the pulses is the time integral
over the charged carrier creation rate times their final velocity:
Z ∞
Z ∞
Sd = −
vd (ti )Γ(Einj , ti )dti =
Adrive (ti )Γ(Einj , ti )dti .
(4.1)
−∞

−∞

By delaying the injection pulse relative to the arrival of the drive field, the moment
of ionization can be controlled. The number of electrons ionized at time t changes,
changing the observed total drift current Sd . This simply shifts the moment of the
ionization on the time axis with respect to the drive pulse. The drift current thus
depends on the delay τ .
Z ∞
Sd (τ ) =
Adrive (t)Γ(Einj , t − τ )dt
(4.2)
−∞

If the ionization is much shorter than an oscillation period of the drive field, it
can be approximated with a delta function, in which case the measured signal is a
replica of the drive pulse’s vector potential:
Z ∞
Sd (τ ) ≈
Adrive (t)δ(t − τ )dt = Adrive (τ ),
−∞

up to some multiplicative constant. The classical model is also the main motivation
behind the specific form of Equation 4.3, which defines the same interaction much
more generally.

4.3.2. General Description
Quantum mechanically, the drift current is related to the expectation value of an
operator that requires the solution of a complicated time-dependent Schrödinger
equation. The equation must simultaneously account for the binding potential
of the medium and two optical fields. While the classical picture yields fruitful
phenomenological simplification, the reality is quantum mechanical. In what follows I
reconcile the classical and quantum mechanical models of photoconductive sampling.
In photoconductive sampling one may assume that the injection field plays the role
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Figure 4.3.: A similar setup to one illustrated in Figure 4.2. This experiment
is performed using linear photoconductive sampling (see chapter 4)
in lithium fluoride. a is a normalized plot comparing the measured
drift current (red) with the vector potential found using attosecond
streaking (blue). The shaded region depicts the uncertainty. b shows
spectrogram that is used to retrieve compare the data against a more
mature technique— attosecond streaking(chapter 5). c compares the
two results in the frequency domain. The plot in green is not relevant
for this discussion. Taken from [45]
of inducing arbitrarily complicated charge carrier dynamics. Like the camera analogy
earlier, if these dynamics last for a very short time, they can be used as a gate to
sample another optical field that arrives with a delay τ . Thus, all injection pulse
induced dynamics can be encapsulated by a gating function G(t − τ ). The vector
potential of the drive field is then gated by G(t − τ ), such that only a small part of it
can modify the charge carrier distribution whose effect is then felt at the electrodes.
The electrodes work like a an integrating detector, giving the delay-dependent drift
current:
Z ∞
Sd (τ ) =
Adrive (t)G(t − τ )dt,
(4.3)
−∞

i.e., a convolution between the gating function and the vector potential of the drive
field. For a general description, I could have also used a convolution of the drive
electric field and the gating function. However, it will limit the extent to which I
may draw parallels with the classical interpretation, while having no benefits.
This description only assumes one critical piece of information: the gating function,
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however complicated, remains unaffected by the drive field. If the gating
function creates a measurable drift current, it can be easily treated as a constant
background. Within the domain of the assumption’s validity, the general description
works irrespective of the nature of the light matter interaction involved. The time
duration during which the drive vector potential gets through the gate determines
if the potential can be resolved in time. Reducing the duration that the gate ’opens’
for and expanding the domain of vector potential over which the primary assumption
remains valid, lies at the heart of improving the photoconductive sampling.
In frequency domain, the same equation simplifies to
Sd (ω) = Adrive (ω)G⋆ (ω)

(4.4)

and the domain where the general description is valid is quite easy to see. If
⋆

Sd (ω)
G(ω) =
Adrive (ω)
is the same irrespective of Adrive , that is, it scales linearly with respect to drive
field, the equations I presented are exact. The time resolution of the gating function
is the inverse of the highest frequency at which G(ω) still has an amplitude strong
enough to overcome the noise in the laboratory conditions.
If we limit the charge carrier generation to a duration of a few attoseconds, we can
resolve a field with that finesse. How beautiful the results of the actual measurement
are, i.e., how identical Sd is to Adrive is a matter of the exact functional form of
G(t). The more delta-like it is, the better.

4.3.3. The Gating Function Versus Ionization Rate
As I hinted in subsection 4.3.1, finding the ionization rate Γion (t) is highly nontrivial.
First, there are multiple definitions of instantaneous ionization probability in the
presence of a strong external electric field, and all these general definitions contain
an ad hoc component. Second, if one of such definitions works well for a particular
experiment, it may fail at describing another time-resolved measurement of ionization
dynamics.
Within the context of photoconductive sampling the ionization rate is the classical
interpretation of the gating function. I never have to ask when an electron
is ionized and can simply solve for the delay-dependent drift current. With a
known drive field, the gating function and therefore the ionization rate is simply
a deconvolution away. In fact, if I could obtain an analytical expression for the
drift current, I might have a chance at obtaining the analytical form of the gating
function itself!
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I try finding this analytical form using SFA described in chapter 3. There is a caveat
though. Although it is guaranteed that the classical model of photoconductive
sampling will produce correct results as long as one uses the correct G(t) as the
ionization rate, the physics that G(t) describes may not be limited to producing free
charge carriers. In particular, complex nonlinear interactions between the injection
and drive pulses may affect the motion of electrons, and the correct G(t) will encode
such processes. It is a matter of interpretation whether processes that the classical
model does not explicitly account for should be regarded as a part of the ionization
rate. I will do so in this thesis.

4.3.4. Linear Photoconductive Sampling
Linear photoconductive sampling (LPS), as the name suggests, achieves charge
carrier injection in the medium via a linear interaction between the electrons bound
in the medium and the injection pulse photons. The injection pulse is chosen such
that the absorption of a single photon creates a charge carrier, just like in the
conventional photoelectric effect [46]. Due to the linear relation, shorter pulses
result in shorter injection durations. While it can have certain advantages over
existing techniques like better signal to noise ratio [45], LPS still requires a vacuum
chamber if the air can absorb the injection pulse.
When compared to the physics described in the next section, linear relations are
easier to control and understand. Thus, linear photoconductive sampling serves as a
valuable tool to benchmark an experimental setup and test if everything else works
as expected. The best part is that with only a ’small’ modification to this setup
one may achieve the promised goal of ambient condition attosecond resolution. The
next section will elaborate more on this.

4.3.5. Nonlinear Photoconductive Sampling
The change teased previously is quite simple— exploitation of nonlinearity for nonlinear photoconductive sampling (NPS). In the context of a laser pulse, a nonlinear
process would be an interaction resulting from the simultaneous involvement of
multiple photons. These photons are not always of the same frequencies/energies.
Even when a single photon is not energetic enough to create a free charge carrier,
the combined energy of N photons, such that N × Ephoton > Eion. , can. This is a
higher order process and can only occur with extremely high intensity field, i.e.,
by compensating the reduced cross-section with number of photons available. As
elaborated in chapter 3, semi-classically, one describes this as the electric field being
large enough to lower the Coulomb barrier, letting the electron tunnel out, with
assistance from additional photons. Since the intensity of a linearly polarized light
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changes in time, only those parts of the light pulse contribute to ionization that
exceed a "cut-off" intensity.
If we use an injection pulse that is well controlled, easily characterized, and yet short
enough that the part that can inject charge carriers lasts less than half a femtosecond,
we may be capable of resolving fields in attoseconds in ambient conditions. In fact,
this has already been successfully demonstrated [44]. Figure 4.4 illustrates the idea
I explained so far. A successful measurement using this technique would result in

Figure 4.4.: A similar setup to one illustrated in Figure 4.2. This experiment is
performed in a gas. Analogous to the previous experiment, a depicts
the two orthogonal pulses. The injection pulse is strong enough to
initiate nonlinear processes. b shows a time delay where the drive pulse
does not overlap with the injection event. It results in a symmetric
distribution of electrons. On the other hand, c shows a delay where the
drive pulse arrives during the injection process and clearly skews the
electron distribution to create an observable current [16]
traces like ones depicted in Figure 4.5
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Figure 4.5.: a shows the normalized current obtained from an entire delay scan,
for different mediums. As will be explained later, this shall have a
one-to-one correspondence with the vector potential of drive field. In b
we can inspect the same in the frequency domain [16]
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The focus of this thesis is on photoconductive sampling. As I highlighted in
chapter 4 the theoretical groundwork for photoconductive sampling results in the
gating function. Even though it is a rigorous definition of ionization rate only within
the context of photoconductive sampling, it is possible that the gating function
is just as effective at predicting the ionization rate in other, similar experimental
techniques. Here, I discuss two such techniques, but my theoretical results can be
applicable for a much broader class of ideas that involve controlling charge carrier
production rate.

5.1. Attosecond Streaking
Attosecond streaking predates photoconductive sampling. In fact, using this technique, sub-femtosecond time resolution of the optical field was achieved for the first
time [47]. The breakthrough happened after it was realized that using a process
called high harmonic generation [48], it is possible to generate light pulses with
durations that are shorter than a femtosecond [40]. Using the previously mentioned
analogy of a camera, once the shutter (short light pulse) was found, resolving optical
fields that are slower than this shutter is simply a matter of defining a useful,
measurable physical interaction between the two fields.
The experimental setup for attosecond streaking is like that of LPS in gases. It would
look like Figure 4.4 with the strong injection pulse replaced by a weak attosecond
pulse, the medium being a gas and the electrodes used to measure the current being
replaced by photoelectron spectrometer that resolves the energy of the photoelectron
reaching it, giving the attosecond streaking spectrogram. For a given delay between
the two pulses, the setup measures the energy distribution of ionized electrons.
As proven in [8], measuring the photoelectron spectrum allows simultaneous determination of both the drive and the injection field. At time ti , an attosecond pulse
will generate photoelectrons with kinetic energy
Ekin =

me v02
= h̄ωi − Wb .
2
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The time dependent drive field will modify the velocity of the free photoelectron,
which calculated classically will be


e
e
v(t) = − Adrive (t) + v0 −
Ainj (t − τ )
me
me
Two things determine the measured photoelectron spectrum:
1. The delay τ between the arrival of Adrive (t) and Einj (t).
2. How broad Einj (t) is in frequency domain (bandwidth) and whether the
frequency of the injection signal is increasing or decreasing with time (up/downchirp).
Both the injection and the drive pulse can be retrieved from the attosecond streaking
spectrogram using a reconstruction algorithm [49, 50]. If the process is modeled
as the transition between the ground state and the Volkov state (SFA) the delay
dependent spectrogram S(p, τ ) is given by
Z

∞

S(p, τ ) =

dtEXUV (t − τ ) · d(p + A(t))eitWb e−i

R∞
t

2
dt′ [p+A(t′ )]2

−∞

Attosecond streaking spectrogram contains information about the momentum distribution of the free charge. This information is completely missing in photoconductive
sampling as the drift current is the cumulative effect of this momentum distribution.
The extra information allows attosecond streaking to resolve the injection field in
addition to the drive. This might suggest that photoconductive sampling is a step
backwards from streaking. However, the difference lies in need. Compared to the
setup required for measuring the drift current, obtaining a spectrogram is harder.
Unlike streaking, the injection pulse required for NPS has a longer duration. As
the technology to generate short pulses matures, the requirement of resolving the
injection pulse for every measurement can be supplanted by the reliability and
reproducibility of pulse generation.

5.2. TIPTOE
The setup for Tunneling Ionization with a Perturbation for the Time-Domain
Observation of an Electric Field (TIPTOE) is like that of NPS. The goal is still
the time resolution of the electric field of the drive pulse- Edrive (t). Although the
injection field Einj is still used to create short bursts of photoelectrons, Edrive (t) no
longer plays the role of an accelerating field. Edrive (t) is now polarized in the same
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direction as Einj and instead of accelerating electrons modifies the very process of
photo-electron creation. The technique exploits the well-known notion of quasi-static
tunneling ionization, which can be computed using Equation 3.1, to argue why such
a setup allows resolving Edrive (t). If Einj photo-ionizes N0 electrons, if Edrive is weak
enough, its effects can be treated as the first order perturbation yielding N0 + δN
electrons. Since the roles played by the two pulses are different from photoconductive
sampling, in literature, injection pulse is usually referred as the fundamental pulse
EF and the drive pulse as the signal pulse ES . Barring Figure 5.1 taken directly
from a paper [10], I try maintaining the same nomenclature as photoconductive
sampling to draw parallels with NPS.
By measuring both N0 and N0 + δN simultaneously as shown in Figure 5.1 it is
possible to reconstruct the drive field. Using the ADK equation of quasi-static

Figure 5.1.: Experimental setup of TIPTOE. In one arm, the injection field, EF
ionizes N0 electrons. In the other one, the injection field and the drive
field combined, EF + ES , excite N0 + δN electrons. The setup also shows
how the mirrors are setup up for EF to allow changing the distance
between them, thereby changing the delay τ between the injection and
the drive field. Image adapted from [10]
ionization rate for a given field strength, WADK (E) (Equation 3.1), the ionization
yield for a medium interacting solely with the injection pulse will simply be
Z
N0 = WADK (Einj )dt
once this interaction is additionally perturbed with the drive pulse using first order
term of the Taylor expansion, one obtains

Z
N0 + δN =

#

"

dWADK (E)
dt WADK (Einj (t)) +
dE

· Edrive (t) .
E=Einj (t)
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By changing the relative delay τ between the two pulses, the exact modification
made to the unperturbed ionization rate changes, yielding different δN (τ ). From
this it is quite clear that
δN (τ ) ∝ Edrive (τ )
and measuring the net change in ionization yield allows to directly find Edrive (t)
up-to a multiplicative factor. Although I used the ADK formula to explain TIPTOE
the concept remains valid so long as one remains within the quasi-static tunneling
regime (ionization only depends on instantaneous total field intensity). Since the
multiplicative factor is independent of the drive field, for a given injection pulse, it
can be ascertained once with a known drive pulse, and then be used for resolving
other unknown drive pulses.
Recently, it was shown that it is possible to remove the restriction of having a
weak drive pulse by using a reconstruction algorithm [51]. It relies on higher order
expansions with respect to the drive field and the known relation between the
ionization rate and the electric field intensity in the multi-photon ionization regime
(Equation 3.3).
TIPTOE is especially relevant to this thesis as it has the same goal as NPS:
sub-femtosecond optical field resolution without using an attosecond pulse. At a
fundamental level TIPTOE differs from NPS by requiring a perturbative expansion
in its very premise. By looking at the first and the second derivatives of the ADK
quasi-static ionization-rate a practical difference between NPS and TIPTOE is also
brought to light. The increase in signal with respect to increasing injection field
strengths will be more prominent in NPS, allowing NPS to resolve weaker fields.
Additionally in the form I presented, TIPTOE cannot be extended beyond the
quasi-static regime as the proposed expansion only works when ionization reacts
instantly to the change in field strength. Analysis presented in part III of this
thesis suggests that the shortest possible injection burst that can be generated by
a pulse exists for field strengths where quasi-static models do not apply. Thus,
any technique limited to quasi-static tunneling cannot exploit nonlinear electron
injection to its full potential.
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SFA is an analytical theory. However, it makes several assumptions about the process
of ionization which, depending on the electromagnetic field and the medium, can be
very wrong. For any results obtained from the SFA, it is useful to check it against ab
initio simulations. Ab means "from" and initio means "beginning". The name refers
to the fact that these simulations try to compute physical observables with the most
basic information about the experimental setup. For photoconductive sampling,
an ab initio simulation would ideally be able to predict the delay-dependent drift
current with the information about the laser pulses and the optical medium used.
There can be a difference in the order of magnitude between the SFA and the ab
initio results, as I will highlight in chapter 10, but there should be a qualitative
agreement. If both agree, one may rejoice in the fact that the SFA suffices to capture
everything of interest. If there is a discrepancy, finding the exact physical process
responsible for this is useful by itself.
My thesis concentrates on electromagnetic waves impinging on a hydrogen atom.
So, I need to solve the time-dependent Schrödinger equation for a single electron in
the presence of a constant Coulombic potential and an electromagnetic field that
changes with time.
As was explained in chapter 4, the delay-dependent drift current is the result of
the interaction of the medium with two orthogonally polarized laser pulses. If the
delay between the two pulses is changed, the net field experienced by the medium,
here, the hydrogen atom, is fundamentally different. To reflect this physical reality,
every delay point needs to be set up as an independent simulation. For a delay scan
sampled at seventy points, seventy similar but individual simulations are needed.
Thus, numerical simulations of photoconductive sampling are very time consuming
and resource intensive.
Implementing a numerical solver for the time dependent Schrödinger equation is a
complex task. Fortunately, there are groups dedicated to developing open-source
packages allowing simulations for a broad range of problems. There are no exact
solutions for most time-dependent Schrödinger equation problems, so each package
approaches the numerical problem differently with distinct sets of assumptions, each
with its own pros and cons. A researcher needs to choose a package that is most
appropriate for the physical problem at hand. As I am interested in hydrogen atoms,
for reasons that I will elaborate upon in the following sections, I chose a package
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called tRecX [52].

6.1. Time-Dependent Recursive Indexing
Based on what external conditions and potentials it is being subjected to, simulations
of the hydrogen atom can be very cumbersome. There is no screening, and the
Coulomb potential extends all the way to infinity. Most packages need an extremely
large simulation volume to capture this. A larger volume corresponds to more
discrete grid points making each simulation much more time and memory intensive.
tRecX, Time-dependent Recursive indeXing, employs a combination of the surface
flux method and exterior complex scaling to circumvent these problems. A typical
simulation with the hydrogen atom takes a few minutes rather than hours. Quoting
directly from the abstract of the tRecX documentation, "tRecX is a C++ code
for solving generalized inhomogeneous time-dependent Schrödinger-type equations
idΨ/dt = H[t, Ψ] + ϕ in arbitrary dimensions and in a variety of coordinate systems.
The operator H[t, Ψ] may have simple nonlinearity, as in Gross-Pitaevskii and
Hartree(-Fock) problems. Primary application of tRecX has been non-perturbative
strong-field single and double photo-electron emission in atomic and molecular
physics." [52]
The package uses two theoretical innovations. Having a brief overview of these ideas
is useful as it may help prevent the pitfall of interpreting a numerical artifact as a
physical one.

6.1.1. irECS—Infinite Range Exterior Complex Scaling
I am only summarizing the main idea of complex scaling. For more information,
the reader is referred to [53].
For hydrogen atom in the presence of an electromagnetic field, a numerical solution
to the TDSE is hard as the Coulomb potential decays as 1/r. I need it to disappear
much faster, ideally exponentially fast. Without that, the boundary of the simulation
box, if not large enough, will have numerical issues with all the wave packets reaching
it. There will be nonphysical reflected incoming packets created by the discontinuity
at the boundary.
For sane computational resource requirements, I want things to converge in a short
space rather than having to reach infinitely large distances. To solve this conundrum,
one could try scaling the real space: zλ (x) = eλ x, and artificially make the simulation
box smaller. This is a unitary transformation, so the physics remains the same,
albeit ’scaled’. One could take this a step further and do an exterior scaling, that is,

36

6.1. Time-Dependent Recursive Indexing
coordinates get scaled only outside a certain boundary:
(
x
for x < R0 ,
x → zλR0 (x) =
λ
e (x − R0 ) + R0 for x > R0 .

(6.1)

While distances do get scaled, my numerical problem remains just as challenging.
The simulation size is smaller, but the points needed to resolve everything will need
to be closer, resulting in a similar grid density. The transformation
∗
HλR0 ΨλR0 = UλR0 HUλR
ΨλR0 = UλR0 HΨ,
0

with
UλR0 Ψ(x) =

(
Ψ(x)
λ/2

e

for x < R0

Ψ(e (x − R0 ) + R0 ) for x > R0
λ

does not achieve much.
As a second attempt, I do not try to change the magnitude of the distances but
make the large assumption that an analytical continuation is possible and simply
rotate things in the complex plane, λ → iΘ –an exterior complex scaling (ECS). The
continuum spectra are now rotated by an angle of 2Θ into the lower complex plane.
Turns out, this has a major advantage for the wave function. At the boundary,
outgoing waves can be easily distinguished from the incoming ones as only the
outgoing ones may be normalized. As a demonstration, for a plane wave with
momentum p:
e+ipx → e+ipR0 e+ip cos θ(x−R0 ) e−p sin θ(x−R0 )
(6.2)
A wave with a positive p (outgoing) dies out exponentially with x while the incoming
one (p → −p) explodes. By limiting the solution space to square integrable functions
all nonphysical incoming reflections are automatically removed. I can now get away
with much smaller simulation boxes. For ECS, an analytical continuation is possible
if the potentials involved are ‘dilation analytic’ but that is hard to prove. Instead,
one can numerically confirm that the modified Hamiltonian produces the same
dynamics as the unmodified one and that for all |x| < R0 , the solution is identical
to that of the original.
The part of ECS requiring special finesse is the treatment of the discontinuity at R0 ,
which can have its own set of reflections. If the scaling is smooth, the discontinuity
will not result in any nonphysical reflections. This is where the infinite range part
of irECS comes into play. In irECS, the complex scaled region extends all the way
to infinity, which seems to resolve any R0 discontinuity related problem, and turns
an inaccurate ECS [54] into a perfect absorber, that is, no nonphysical reflections.
This is confirmed numerically up to machine precision [53]. Furthermore, it allows
extracting information of dynamics beyond the unscaled region— a fact that is
especially useful for calculating the drift current described in detail in chapter 7.
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6.1.2. tSurff and iSurff—Time-Dependent and Infinite Time
Surface Flux Methods
When talking about drift current, I often mentioned the free charge carriers. What
do I even mean by that? Limiting the context to the binding potential of an atom,
it refers to an electron being in a continuum state. For a given physical system the
continuum is the region of space beyond the binding influence of the potential, so, an
electron in the continuum can propagate to infinity with a gentle push. To calculate
the drift current information about the continuum states at any given moment in
time is necessary. However, the continuum is infinitely large and storing information
about wavefunction that exist in an infinitely large space can be troublesome.
The time dependent surface flux method [55] is based on the simple idea of calculating
the time integral of the flux leaving a surface |x| = R0 instead of the entire wave
function. Only the wave function inside the volume defined by the surface is
computed. This is a lot more efficient than first calculating and then projecting the
entire wave-function onto continuum states. If the absorption defined beyond this
surface by complex scaling truly does not create nonphysical reflections, the two
methods are analytically equivalent [55]. If the hypothesis of irECS mentioned in
previous section is true, and it indeed is a perfect absorber, tSurff should provide
exact results.
The dynamics inside an atom do not stop long after the laser pulses are gone.
Certain electrons can be freed but have slow wave-packets that take forever to reach
the surface |x| = R0 to be observable. This would be problematic when measuring
quantities related to the presence of free electrons. For quantities like ionization
probability or as in my case, the drift current, we want results at t → ∞. In the
time dependent version of the surface flux methods, one simply waits till all the
wave-packet inside the un-scaled region has left the surface, that is, things have
stopped changing. It works but requires extra computational time and is still not
mathematically exact. One can avoid waiting if the eigenfunctions of the laser-fieldfree Hamiltonian (here hydrogen) are known analytically. Instead of waiting, we
can project the wavefunction inside the volume obtained at the end of all the laser
pulses on these eigenfunctions. Since there are no other perturbations, these are
exact, and we can analytically evolve them in time. This would directly yield the
infinite time results without any ambiguity. A formal proof can be found in [56]. I
am not providing it here as it is straightforward and does exactly what I described.
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Current
As already described in chapter 4, photoconductive sampling requires two orthogonally polarized laser pulses impinging on a medium to create a measurable electric
current. The first pulse, the drive one, has an unknown field we would like to
resolve. The goal is to quantify this field by using a short burst of free charge
carriers created by a second, known injection pulse. Mathematically, the short burst
of charge carriers is equivalent to a gating signal that can take a small "snippet" of
the drive field in time. There are multiple ways to formulate this measurement but
Equation 4.3:
Z
∞

Ad (t)G(t − τ )dt,

Sd (τ ) =
−∞

is particularly convenient. As shown in chapter 4, it has a direct connection to the
classical interpretation. To measure the drive field using this technique, the gating
function G(t) must be fully determined by injection pulse, the only assumption
required for Equation 4.3 to remain true. With this the vector potential of the
drive pulse can be sampled. For example, if G(t) were a delta function, the drift
current would be exactly equal to the vector potential of the drive pulse. With
precise control over the injection process one can shape the gating function to get
increasingly precise traces of the drive field.

7.1. Derivation under the Strong Field
Approximation
I use Equation 3.8 for the SFA continuum state as the starting point for calculating
the current,
Z ∞
R
i ∞
′′ 2 ′′
′
|Ψ(p)⟩ = −i |p⟩
dt′ e− 2 t′ [p+A(t )] dt e+iWb t
(7.1)
0
′
′
⟨p + A(t )| d · E(t ) |ϕ0 ⟩
The drift current is an experimental observable. It can be mapped to the expectation
value of the projection of the momentum of the free electron along the direction of
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measurement. The end-goal of all the analysis that follows is to reform the equation
obtained for the drift current into something like Equation 4.3, while making as few
approximations as possible. The equation can then be implemented to find the drift
current. The specific form of the equation would further yield an analytical formula
for the gating function as I will show in chapter 8. This would be especially useful
as I could then avoid having to set up individual simulations for every delay point.
With the gating function, the drift current is just one time convolution away.
The direction of the current measured at the electrodes is such that it corresponds to
the velocity of the electron projected in the direction parallel to the polarization of
the drive field. Without loss of generality, I assume that the drive field is polarized
along the x-axis and the injection field is polarized along z. Then,
Z
Z
⟨Sd ⟩ ∝ dp dp′ ⟨Ψ(p′ )| − p̂x |Ψ(p)⟩
(7.2)
The delay τ is absent from this and all subsequent equations as it just amounts to
replacing the injection field with a version shifted along the time axis.
Since the ground state remains unaffected until the optical field arrives at t = 0, I
am setting the lower limit of the integral to t → −∞.
Z
Z ∞
Z ∞
′
⟨p̂x ⟩ = dpdp
dt1
dt2 ⟨ip′ | px |−ip⟩
−∞
−∞


Z
i t2 ′′
(7.3)
′′ 2
× exp iIp (t2 − t1 ) +
dt [p + A(t )]
2 t1
× ⟨ϕ0 | E⋆ (t1 ) · d⋆ |p + A(t1 )⟩ ⟨p + A(t2 )| d · E(t2 ) |ϕ0 ⟩
The integral over p′ yields a delta function. The equation can be written more
compactly:


Z
Z
Z ∞
Z ∞
i t2 ′′
3
′′ 2
⟨p̂x ⟩ = d p
dt1
dt2 px exp iIp (t2 − t1 ) +
dt [p + A(t )]
2 t1
(7.4)
−∞
−∞
⋆
⋆
× (E (t1 ) · d [p + A(t1 )]) (d [p + A(t2 )] · E(t2 ))
Changing variables, t =

gives:


Z
Z ∞ Z ∞
Z
i t+T ′′
′′ 2
3
⟨p̂x ⟩ = 2 d p
dt
dT px exp 2iIp T +
dt [p + A(t )]
2 t−T
−∞
−∞
t2 +t1
,T
2

=

t2 −t1
,
2

× (E⋆ (t − T ) · d⋆ [p + A(t − T )])

(7.5)

× (E(t + T ) · d[p + A(t + T )])
So far everything has been very general. In photoconductive sampling, E(t) =
Ez (t) ez + Ex (t) ex and A(t) = Az (t) ez + Ax (t) ex . The directions z and x represent
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the polarization directions of the injection and drive fields. Since I assume that
the drive pulse cannot photoionize on its own, I can approximate the interaction
potential with VL (t) = E(t) · d = (Ez (t) ez + Ex (t) ex ) · d ≈ Ez (t)dz .
Evaluating the integral over p, any constant value can be added to it without
changing the result. Let us apply the following substitution:
p 7→ p + A(t),
and then change to spherical coordinates for p. I obtain:
Z ∞ Z ∞
Z
⟨p̂x ⟩ = 2
dt
dT p2 dp sin θdθdϕ (p sin θ cos ϕ − Ax (t))
−∞
−∞


Z
i T ′′
′′
2
× exp 2iIp T +
dt [p + A(t + t ) − A(t)]
2 −T

(7.6)

× Ez⋆ (t − T )Ez (t + T )
× d⋆z [p + A(t − T ) − A(t)]dz [p + A(t + T ) − A(t)]
Defining ∆(x) = A(t + x) − A(t):
Z
Z ∞ Z ∞
dT p2 dp sin θdθdϕ (p sin θ cos ϕ − Ax (t))
dt
⟨p̂x ⟩ = 2
−∞
−∞


Z
i T ′′
′′ 2
× exp 2iIp T +
dt [p + ∆(t )]
2 −T

(7.7)

× Ez⋆ (t − T )Ez (t + T )
× d⋆z [p + ∆(−T )]dz [p + ∆(T )]
This is still not enough. Direct numerical integration of a highly oscillating function
over four coordinates can be very time consuming and unstable. Moreover, it
does not remotely reflect the ansatz in Equation 4.3. The second term inside the
exponential function can be further simplified.
Z
Z

i T ′′ 2
i T ′′
′′ 2
dt [p + ∆(t )] =
dt p + ∆2z (t′′ ) + ∆2x (t′′ ) + 2p · ∆(t′′ )
2 −T
2 −T
Z

i T ′′  2 ′′
2
(7.8)
dt ∆z (t ) + ∆2x (t′′ )
= ip T +
2 −T
Z T
Z T
′′
′′
+ ip cos θ
dt ∆z (t ) + ip sin θ cos ϕ
dt′′ ∆x (t′′ )
−T

−T

For convenience and compactness, I am defining
Z T
Z T
′ l ′
l
∆i =
dt ∆i (t ) =
dt′ [Ai (t + t′ ) − Ai (t)]l .
−T

(7.9)

−T
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It is at this point that an extremely useful expansion can be used to move some
terms out of the exponential function! The Jacobi-Anger expansion [57] dictates




exp ip sin θ cos ϕ∆x = J0 ip sin θ∆x + 2

∞
X


in Jn ip sin θ∆x cos(nϕ),

(7.10)

n=1

where Ji is the ith Bessel function. With this, Equation 7.7 takes the following form:
Z ∞ Z ∞
Z
Z
Z 2π
2
⟨p̂x ⟩ = 2
dt
dT p dp sin θdθ
dϕ (p sin θ cos ϕ − Ax (t))
−∞
−∞
0
!
2 + ∆2
∆
z
× exp 2iIp T + ip2 T + x
+ ip cos θ∆z
2
! (7.11)
∞
X


× J0 ip sin θ∆x + 2
in Jn ip sin θ∆x cos(nϕ)
×
×

n=1
⋆
Ez (t − T )Ez (t + T )
d⋆z [p + ∆(−T )]dz [p + ∆(T )].

So far, I have only managed to make complicated expressions worse. However,
Equation 7.11 can be integrated over ϕ analytically! It yields the following result:
Z ∞ Z ∞
Z
Z
2
⟨p̂x ⟩ = 2
dt
dT p dp sin θdθ (Ez⋆ (t − T )Ez (t + T ))
−∞
−∞


× −2πAx (t)J0 ip sin θ∆x + 2πip sin θJ1 ip sin θ∆x
!
2 + ∆2
∆
z
+ ip cos θ∆z
× exp 2iIp T + ip2 T + x
2
× d⋆z [p + ∆(−T )]dz [p + ∆(T )].

(7.12)
Equation 7.12 is quite general. It contains certain assumptions and approximations
that are implicit to SFA and others that I made during the illustrated derivation.
I will summarize those altogether in chapter 10 when I consider the theoretical
differences between my SFA results and ab initio results from tRecX.

7.2. Obtaining the Current from Ab Initio Results
For reproducibility of the results that I will present in Part III, I am providing
the basic information of the input files used with tRecX (chapter 6). All tunable
parameters that remain unchanged for a set of simulations are determined after
careful convergence testing.
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Title: Photoconductive Sampling Operator: hamiltonian=‘1/2<<Laplacian>>-<1><1><trunc[50,60]/Q>’
Operator: interaction=‘iLaserAz[t]<<D/DZ>>+iLaserAx[t]<<D/DX>>’
Spectrum: radialPoints=100, plot=total
Spectrum: expectationValues=‘<1><1><GridWeight>,
<1><Q><GridWeight*Q>,
# p_y
<cos(Q)><sqrt(1-Q*Q)><GridWeight*Q>,
<sin(Q)><sqrt(1-Q*Q)><GridWeight*Q>’
# <den(e) continuum, p_z, p_x, p_y>
ISurff: use=true
Axis: name,nCoefficients, lower end, upper end, functions, order
Phi, 5
Eta, 11, -1, 1, assocLegendre{Phi}
Rn, BOX/4*ORD, 0, 60, polynomial, ORD
Rn, 30, 60, Infty, polExp[0.5]
Absorption: kind, axis, theta, upper
ECS, Rn, 0.3, 60
Laser: shape, I(W/cm2), FWHM,lambda(nm),polarAngle, phiCEO, peak
cos8, 1.0e+14, 1.00 OptCyc, 750, 00, 0, 0 s
# injection pulse
cos8, 1.0e+9, 0.5e-15 s, 750, pi/2, 0, <drive pulse delay> s
#drive
TimePropagation: end, print, store, cutEnergy, accuracy,fixStep
3.0 OptCyc,0.5 OptCyc, 1 au, 100, 1e-07,
0.025
The most important parts to pay attention to are the definition of the Hamiltonian,
the two laser pulses and expectation values computed.
The Hamiltonian defines a hydrogen atom with a small modification—the Coulombic
potential is exponentially suppressed beyond fifty atomic units and becomes zero
at 60 atomic units. This is an approximation, and it was validated by ensuring
that the numerical results remain unchanged even if these boundaries are shifted
considerably.
The units have already been described in chapter 2. The polar angle defines the
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polarization direction of the pulses. For a delay scan everything remains unchanged,
except the peak of the second pulse. It defines when the peak intensity of the pulse
arrives in time and can be changed to simulate different delays. The time grid used
for the scan is determined based on Nyquist’s Sampling Condition.
The last thing to pay attention to is the line, ‘Spectrum: expectationValues’. This
is the part of the package that allows calculation of expectation values in the
continuum. For the drift current I am interested in calculating px . I additionally
calculated the continuum electron density, pz and py for testing purposes.
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In the previous chapter, I had elucidated that Equation 7.12 can be further simplified
to obtain the form promised in Equation 4.3. To remind the reader again, my final
aim is to reformulate

Z

∞

⟨−p̂x (τ )⟩ = −2

Z

∞

dt
−∞

Z

2

dT

Z

p dp

sin θdθ

−∞

!
2 + ∆2
∆
z
× exp 2iIp T + ip2 T + x
+ ip cos θ∆z
2


× −2πAx (t)J0 ip sin θ∆x + 2πip sin θJ1 ip sin θ∆x
× Ez⋆ (t − T )Ez (t + T )
× d⋆z [p + ∆(−T )]dz [p + ∆(T )],
into something that it looks like
Z

∞

Ad (t)G(t − τ )dt.

Sd (τ ) =
−∞

If possible, I would have an analytical expression of the gating function. It will be
useful to avoid having to simulate every single delay for a delay scan. Even more
importantly, I can plot the exact gating function rather than indirectly obtaining
it by a deconvolution based on Equation 4.3. In chapter 4, subsection 4.3.3, I
argued that the gating function is indeed the ionization rate in the context of
photoconductive sampling. An analytical form of the gating function directly yields
information about the process of photoionization itself. With known drive pulses,
one can experimentally confirm that the linear relation between the drive pulse and
the drift current (Equation 4.3) is true, and one may reconstruct the gating function
from these experimental results.
The only approximation needed to reformulate Equation 7.12 is expanding the
Bessel function and dropping the higher order terms. Taking only the zeroth order

47

8. Gating Function
term of the expansion into account,
Z
Z
Z ∞ Z ∞
2
dT p dp sin θdθ
dt
⟨p̂x (τ )⟩ = 2
−∞

−∞

∆2 + ∆2z
× exp 2iIp T + ip2 T + x
+ ip cos θ∆z
2



ip sin θ∆x
× −Ax (t) + p sin θ
2
⋆
× Ez (t − T )Ez (t + T )

!

× d⋆z [p + ∆(−T )]dz [p + ∆(T )],
Z

∞

=⇒ ⟨p̂x (τ )⟩ = 4π

Z

∞

dt
−∞

Z
dT

p2 sin θdθ

−∞

!
2 + ∆2
∆
z
× exp 2iIp T + ip2 T + x
+ ip cos θ∆z
2




Z
T
ip2 sin2 θ


× −Ax (t)(1 + iT p2 sin2 θ) +
dt′ Ax (t + t′ ) 
2
−T
:=part 1
:=part 2

× Ez⋆ (t − T )Ez (t + T )
× d⋆z [p + ∆(−T )]dz [p + ∆(T )],
(8.1)
Obtaining gating function is now only a matter of shuffling a few terms around. It
can be checked numerically that the drift current obtained from this approximation
is virtually indistinguishable from the original expression. Figure 8.1 supports
this claim. The plot in red is the result of calculating the drift current without
making any approximations or expansions. The Bessel functions are computed using
python’s SciPy library [58]. The plot in green calculates the delay dependent drift
current by first computing the gating function, which requires approximations. The
computed points of the two curves almost coincide. By comparing the sub-figures,
I conclude that the minor deviations would converge with a higher density of the
integral grid, but that was not possible due to limited RAM. The plot in gray is the
vector potential of the drive pulse normalized to match the maxima of the other two.
The overlap between the delay-dependent drift current and the vector potential is
not exceptionally good as the injection pulse chosen in this example is incapable of
creating a gating function to sample the drive field exactly. I chose this example to
highlight the importance of choosing the injection pulse to tune the gating function
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itself.
As already hinted in Equation 8.1, the expression is split in two parts such that
3
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Figure 8.1.: Comparison of Delay-Dependent drift current obtained analytically with
a version that makes approximations that are necessary to reformulate
the equation to look like Equation 4.3
the part with an additional integral over the vector potential of the drive pulse can
be handled separately.
⟨−p̂x (τ )⟩ = ⟨S1 (τ ) + S2 (τ )⟩
Z ∞
=
dtAx (t) G(t − τ )
−∞
Z ∞
=
dtAx (t) [G1 (t − τ ) + G2 (t − τ )]
−∞

Z

∞

⟨S1 (τ )⟩ =

Z

∞

dtAx (t) ·
−∞

Z
dT

4πp2 dp sin θdθ

−∞

∆2 + ∆2z
× exp 2iIp T + ip2 T + x
+ ip cos θ∆z
2

× 1 + iT p2 sin2 θ

!

× Ez⋆ (t − T )Ez (t + T )
× d⋆z [p + ∆(−T )]dz [p + ∆(T )]
Z

∞

dtAx (t) G1 (t − τ )

=
−∞

.
(8.2)
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Z

∞

Z

⟨S2 (τ )⟩ = −

∞

dt
−∞

Z

t+T
′′

dT
−∞

′′

Z

dt Ax (t )

2πip4 sin3 θdθ

t−T

∆2 + ∆2z
+ ip cos θ∆z
× exp 2iIp T + ip2 T + x
2

!

× Ez⋆ (t − T )Ez (t + T )

(8.3)

× d⋆z [p + ∆(−T )]dz [p + ∆(T )]
Z

∞

dtAx (t) G2 (t − τ ).

=
−∞

G1 (t) has the following expression:
Z ∞
Z

G1 (t) =
dT 4πp2 sin θdθ 1 + iT p2 sin2 θ
−∞

∆2 + ∆2z
+ ip cos θ∆z
× exp 2iIp T + ip2 T + x
2

!

× Ez⋆ (t − T )Ez (t + T )
× d⋆z [p + ∆(−T )]dz [p + ∆(T )].
(8.4)
This is almost perfect barring the fact that G1 still has few drive pulse related terms
of the form, ∆x (t′ ) := Ax (t + t′ ) − Ax (t). The drive field is already very weak and if
the response of the medium to this field is instantaneous, ∆x (t′ ) → 0 . I numerical
comparison confirms this. The drive pulse is neither energetic enough nor intense
enough to cause any measurable contribution in the gating function that is not
instantaneous.
For the second part, the additional integral over the vector potential of the drive pulse
needs to be transferred to the gating function itself using variable transformation.
The derivation, although simple, is long and not informative. I am only providing
the final expression:
Z
G2 (t) = 4iπp4 dp sin3 θdθ



!
Z
2 ′′
R
2
∞

×

iu Ip + p2 +

duEz (u)dz [p + ∆z (u)]e

u
−∞

dt′′

Az (t )
+p cos θAz (t′′ )
2

t

Z

t

×

duEz (u)dz [p + ∆z (u)]e




 !⋆
Ru
2
A2 (t′′ )
iu Ip + p2 + −∞
dt′′ z 2 +p cos θAz (t′′ )

−∞

+c.c.
(8.5)
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In conclusion, I have an analytical form of the gating function under the strong
field approximation. Beyond the SFA itself, the only additional approximations
that I made boil down to the assumption of how inert the drive field is in the entire
excitation processes. Both in experiments and more involved simulations like tRecX,
this assumption can be tested by checking for the linear response as predicted by
Equation 4.4.
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9. The Drift Current and the Gating
Function of the Hydrogen Atom
Since all the results presented and discussed in part III of this thesis are about the
hydrogen atom, I would like to dedicate this section to rewriting the equations for
this specific medium. Everything remains the same except for the fact that I replace
the placeholder d with the analytical dipole transition matrix element for ground
state hydrogen. The equations for the drift current and the gating function in their
most general forms are,
Z

∞

Z

⟨−p̂x (τ )⟩ = −

∞

dt
−∞
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dT

2

4πp dp
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(9.1)
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The dipole transition matrix element,
d(p) = ⟨p| er |n, l, m⟩ ,

(9.2)

for a ground state |1s⟩ to a plane wave |p⟩ transition [33] is
1

e−r/a0
3/2
πa0
27/2 (2Ip )5/4
p
=⇒ d(p) =
2
π
p + 2Ip
Ψ1s (r) = √

(9.3)
(9.4)

Replacing this result in Equation 7.12, Equation 8.4, and Equation 8.5; I obtain:
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where
d(η) :=

p cos θ + ∆z (η)
.
(p + ∆z (η) + ∆x (η))2 + 2Ip
(9.5)

I would like to point out that the ∆x terms in the dipole moment are simply ignored
so that the original assumption of linear interaction with the drive pulse to holds
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true and the gating functions indeed end up being purely a function of the injection
pulse. I have already argued that this should hold true if the changes caused by the
drive potential are instantaneous in nature. It can also be checked numerically.

55

10. Approximations Involved in
Obtaining Analytical Results
Very few Hamiltonians describing physical interactions are exactly solvable. In
theoretical studies, one starts with a model, which by itself involves making a
few justified approximations and assumptions. A model that describes everything
correctly but cannot be used to obtain any useful information is not as useful as
one that yields applicable results by only accounting for the most relevant physical
dynamics. In my analytical approach, the first thing that is ignored is causality, i.e.,
the relativistic effects. These effects would become relevant once the field strength
is so high that maximum kinetic energy of a free charge oscillating within the field,
approaches the charge’s rest mass energy: 2Up → me c2 .
Another thing being ignored is the spatial variation of the optical field, under the
dipole approximation. The dipole approximation indirectly allows ignoring the
Up
< 1.
magnetic field of the optical pulse and remains valid [59, 60] until 2cω
The approximations mentioned are justified if one remains within the range of
parameters where it is known that they do not play a significant role. In fact,
even more ‘exact’ ab initio TDSE solvers also make these assumptions. The
approximations I describe next are more drastic. These approximations are not
present in exact numerical TDSE solvers, but these packages are often designed to
emulate these approximations, when needed, for comparisons and benchmarking.
The most drastic assumption made under the SFA model is the usage of the
Volkov states as the continuum state. An electron in the Volkov state will remain
uninfluenced by the Coulombic potential. In reality, a linearly polarized pulse can
accelerate the electron back towards the atom to experience ‘recollision’, where it
achieves energies far beyond what the AC electric field would have been capable of
alone. As such, SFA can under-predict the outgoing momentum of the electron. As
an analogy I would like to remind the reader of the gravitational slingshot effect
[61] used to accelerate objects using a planet’s gravitation potential. Using SFA is
akin to the planet disappearing once the space-shuttle exceeds the terminal velocity.
The optical field acts like the space-shuttle’s jets and the ionized atom as the planet.
Without the planet (ion) even if the jets (optical field) were configured to sling-assist
(recollide and accelerate) the space-shuttle (electron) cannot be accelerated further
away.
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Another thing being ignored is the change in the ground state itself. As more
electrons get ionized, the cross-section of available ionizable electrons reduces. For a
single atom, a similar effect would occur with an increasing portion of the electron
wave packet being in the Volkov state instead of the ground state. This ‘depletion’
is not considered in my model. It could be accounted for classically by obtaining
the result for several atoms and then normalizing the results, but that is still not a
full quantum-mechanical treatment that would consider how the lack of electrons
affects the ground state itself.
SFA can be extended to have additional ionization channels, but my model only
considers direct, ground state to continuum, transitions. Changes caused due to
resonances [62] with intermediate bound states are not accounted for.
Though not an approximation, the gauge choice affects the results. All my derivations
start with the SFA model the hydrogen atom in the length gauge. The idea of
gauge invariance is only valid in an approximation free case. With any perturbative
expansion, the results obtained from the equations as well as the possible physical
interpretations of those equations change with gauge.
There is a detailed overview [63] of the physics that is not captured by SFA for
photoionization from ultrashort pulses, especially when the quantity being inspected
is related to the angular distribution of the photoionized electron. On top of the
approximations involved in SFA, I also needed some additional approximations
to obtain the final form of the gating function that could be interpreted as the
ionization rate.
First, whenever useful, I ignored Edrive in expressions involving its sum with Einj .
In NPS this is justified since Edrive ≪ Einj , In LPS, where the amplitudes of the two
fields are comparable, this approximation still works because the injection field has
frequency components that allow the existence of a stationary phase, making other
contributions less relevant. For obtaining the delay dependent drift current, this
meant assuming
(Einj + Edrive ) · d[p + ∆drive + ∆inj ] ≈ Einj · d[p + ∆drive + ∆inj ]
in Equation 3.8 for the continuum wave function of the electron.
Additionally, to truly make the gating function independent of the drive field, a
similar approximation was used for the terms inside the dipole transition matrix
elements
d[p + ∆drive + ∆inj ] ≈ d[p + ∆inj ]
and for a term in the phase where
∆2drive + ∆2inj ≈ ∆2inj .
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I justified this approximation on the grounds that the drive field is weak enough that
only has instantaneous interactions making ∆drive = Adrive (t + t′ ) − Adrive (t) → 0
and by checking if the numerical results remain unchanged.
Second, to obtain the gating function, I expanded the Bessel functions
2
ip sin θ∆x
J0 (ip sin θ∆x ) = 1 −
+ ....
2

3
ip sin θ∆x 1 ip sin θ∆x
−
J1 (ip sin θ∆x ) =
+ ...
2
2
2


considering only the zeroth order terms.
Beyond this, numerical integration itself is an approximation. A digital computer
cannot integrate over a continuous axis and needs the user to define a meaningful
discretization such that
Z
X
f (x)dx ≈
f (x).
x∈X

By increasing the grid density until the results stop changing in values and converge,
this approximation can be ignored for most parts. It only sets limitations on what
can be computed numerically. As an example, the number of points required to
resolve the extensive range of electron momenta resulting from an extremely high
intensity injection pulse are simply too numerous to yield converged numerical
results.
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Part III.
Results and Discussions
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11. Linear Photoconductive Sampling

Having presented all the relevant theoretical background for numerically simulating
photoconductive sampling under the strong field approximation, I shall now proceed
with the actual plots and their respective comparisons with tRecX simulations. As
I had briefly explained in chapter 4, LPS is usually done first before moving on to
the nonlinear case. The motivation behind this chronology is quite simple— there
are fewer unknown variables involved in linear interactions. The injection pulse
is defined such that all its photons have are more energetic than the ionization
potential. This ensures pure linear charge injection. If the FWHM of the injection
pulse is short enough, the plot of the current will coincide with the vector potential
of the drive pulse, up to a constant factor. This is not as interesting as the gating
functions. Owing to the relative simplicity of the injection process, I will directly
present the gating function for LPS, obtained from SFA.
Before proceeding, I would like to modify Equation 8.5.
I make the rotating wave approximation (RWA) [64]. It is often employed for
near resonance transitions between multi-level systems, atoms etc. I will make the
following replacement in Equation 2.1:

E(t) =

e−iωc t
ξ(t)eiωc t + ξ ⋆ (t)e−iωc t
:= ERWA (t).
≈ ξ(t)
2
2

RWA is considered a valid approximation as faster oscillations have negligible
contributions. This is not the case for G2 . RWA ensures that the phase of the
integral in G2 never exceeds the ionization threshold. In LPS only single photon
transitions that are caused by low intensity light fields occur. This is the ideal case
for using RWA and experimental results support that [65]. With this the second
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gating function (Equation 8.5) becomes:
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(11.1)
As apparent in Figure 11.1, equations with the RWA (red) result in a smooth gating
function, but without it(green), my model predicts fast oscillations.
The weak injection pulse used for linearly exciting the electron contain photons
with energies that exceed the ionization potential (band gap in solids). For such
pulses, the electric field oscillates very quickly between the local maxima, minima,
and null field. This in turn could imply that the ionization process too can have fast
oscillations. However, in photoconductive sampling, the gating function is first the
result of deconvolution, and then a representative of the ionization process. Since
the drive pulse cannot be more energetic than the ionization potential itself, all
frequency components of the gating function that exceed the ionization threshold
are not observable and must be discarded.
I could have removed the higher frequency components numerically. However, it
is better to avoid such frequency filtering and changes to the original analytical
expression that have the same end-result also provide insights into the physical
source of the oscillations.
The ultrafast oscillations could still be relevant if the gating function is a valid
ionization rate model in a different experimental set-up. The analytical approach
hints at a possible limitation of RWA. Even for a single photon photoionization
process, a case where RWA works the best, there still are some fast phenomena that
RWA cannot capture.
Figure 11.1 confirms an already well-known notion: when photoionization is
caused by individual photons of the light pulse, the ionization rate is simply a
function of the intensity pulse envelop of the optical field.
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Figure 11.1.: Gating Function of an Injection Pulse that used for LPS. The curves
compare the square of the injection field with the gating functions
both with and without RWA.
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12. Nonlinear Photoconductive
Sampling
The LPS results discussed in chapter 11 indicate that my analytical results can
capture the physics observed in the experimental setup. As mentioned in chapter 4,
LPS is only the first step. It demonstrates that it is possible to recover the optical
field using photoconductive sampling. The true technological leap requires exploiting
nonlinear interactions, which enable sub-cycle photoinjection. The time during
which a sample becomes conductive can be much shorter than the actual duration
of pulse.
In chapter 7, I obtained an equation that allows me to directly compute the gating

(a) delay τ = 1fs

(b) delay τ = 0fs

Figure 12.1.: Pulses as defined in simulations. The peak intensity of the drive pulse
remains static while the injection pulse is moved around. The defined
convolution allows comparing the vector potential and drift current
easily. In a delay scan, a positive delay corresponds to the physical
case of the injection pulse arriving after the drive pulse.
function. With some further simplification I obtained Equation 9.5 specifically
for the hydrogen atom. Unlike LPS, the form of the gating function involved in
NPS is more complicated. Even if the exact injection and drive pulses were known,
deconvolution of the delay dependent current can be ambiguous for such a complex
gate. Multiple functions will yield the same delay-dependent drift current for a
given drive pulse. For this reason, I will limit myself to comparing delay dependent
px (τ ) as obtained from tRecX and SFA.
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Unlike LPS, where only the central wavelength is of relevance, both the intensity
and the wavelength play a role in shaping the nonlinear interactions involved in NPS.
Since three-dimensional plots are cumbersome, it is useful to have a parameter that
can quantify both wavelength and the intensity to define the relative strength of light
field. As mentioned in chapter 2, Keldysh used a unitless quantity to parameterize
his equations. It is defined as
p
c 2mIp
γK =
.
2πλ · e · |E(t)|
As mentioned in chapter 3, γK can be used to distinguish between regime whether
quasi-static tunneling, or the multi-photon ionization take precedence. Before
presenting any results, I would like to bring Figure 12.1 to the reader’s attention.
It portrays how the drift current is obtained for a given delay. It clarifies the
interpretation of the x-axis for all subsequent results that I will present. A positive
delay corresponds to the peak of the injection pulse (and thereby the duration when
most photoionization occurs) arriving after the peak of the drive pulse.

12.1. Comparison with Quasi-Static Tunneling
Ionization Rates
As I had discussed in subsection 3.1.1, when the field strength is increased beyond a
certain point, it becomes possible to describe the ionization process using a semiclassical tunneling model. The AC field of the optical pulse behaves like a DC field
in that only the ionization rate is purely determined by the absolute value of the
instantaneous electric field. I had also provided Equation 3.1, the ADK formula, as
a simple model quantifying this idea.
Using Equation 3.2, I can calculate the quasi-static tunneling ionization rate. Since I
know the field at any given time for Einj (t), I can plot WH,1s (Einj (t)) and compare it
with the gating function G(t). For ease of presentation, I will normalize everything
max
and mention W
.
Gmax
As a sanity check, I compare my gating function with the ionization rate for
γK ≈ 1.4, corresponding to a field intensity where the quasi-static approach is
invalid. In Figure 12.3 the gating function (G(t), blue) and the tunneling ionization
rate(w(E(t)), orange) look quite different. The scatter plot for the gating function
with respect to the instantaneous field has multiple values for the same |E|. This is
a clear indication that ionization is no longer quasi-static, i.e., not a direct function
of the absolute value of instantaneous field.

68

12.2. Comparison with tRecX

Gating Function G( )
Keldysh's Quasi Static Ion. rate W(E( ))

0.6
0.4
0.2

Wmax = 0.22
Gmax

100

gating function G(t)
Keldysh's Quasi Static Ion. rate W(E(t))

0.8
0.6

G(E) and W(E)

G( ) and Wstat(E( ))

0.8

1.0

2

Gnorm(t) and Wstat, norm(E(t))

= 750 nm
Iinj = 1.40 PWcm
Emax = 0.20a.u.
= 0.3

1.0

0.4
0.2
0.0

0.0
0

1

2
3
frequency (PHz)

4

5

6

4

2

0
2
time(fs)

4

10

2

10

4

10

6

10

8

10

10

10

12

10

14

6

= 750 nm
Iinj = 1.40 PWcm
Emax = 0.20a.u.
= 0.3

2

Scatter plot for G vs E
ADK
Keldysh's Quasi-Static Ion. rate vs E

0.025 0.050 0.075 0.100 0.125 0.150 0.175 0.200
field strength E in au

Figure 12.2.: Comparison of the gating function with quasi-static ionization-rate
based results. The field with I = 1.4 PW cm−2 , and γK = 0.3 is in the
quasi-static regime. Both ADK and Keldysh’s quasi-static tunneling
ionization rates are included for Rate vs Field plot.
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Figure 12.3.: Comparison of the gating function with quasi-static ionization-rate
based results. The field at 0.066 PW cm−2 is far too weak for quasi
static tunneling model to be valid.

12.2. Comparison with tRecX
Jumping right into it, Figure 12.4 presents a promising future for SFA. The results
seem to match qualitatively with the ab initio results. In tRecX, higher current is
predicted during the secondary half-cycles of the drive pulse. Interactions like atom
polarization and recollision can easily cause this.
Figure 12.5 shows a case where the intensity of the injection pulse is decreased
while everything else remains unchanged from Figure 12.4. There definitely are
discrepancies worth discussing. The first thing to notice is that there is a lack of
symmetry in the tRecX results. This would suggest that the half cycle corresponding
to the local minimum of the injection pulse shown in Figure 12.1b that occurs around
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Figure 12.4.: px (τ ) obtained from tRecX(blue) and SFA(red). Intensity Iinjection =
0.4 PW cm−2 , Wavelength λ = 750 nm, Keldysh Par. γK = 0.57
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Figure 12.5.: px (τ ) obtained from tRecX(blue) and SFA(red).
Iinjection =
−2
0.25 PW cm , Wavelength λ = 750 nm, Keldysh Parameter γK = 0.72
one femtosecond ionizes more than what SFA predicts. To support the idea that
it indeed is the third peak causing this discrepancy, I present Figure 12.6, where I
modified the gating function to make the third instance of ionization larger than
one predicted by SFA. Interpreting the results more directly; when the drive pulse
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Figure 12.6.: Comparison of SFA and tRecX results. The gating function obtained
using SFA is modified to smoothly increase the net ionization that
occurs during the third sub-cycle of the injection pulse. When the modified fating function is used, the delay-dependent drift current becomes
qualitatively similar. Like Figure 12.5, Iinjection = 0.25 PW cm−2 ,
Wavelength λ = 750 nm, Keldysh Parameter γK = 0.72
arrives after the injection pulse, the net drift of electron in the direction of the drive
field is more than one might expect. The event in question involves multiple photons
from two orthogonal pulses with vastly different intensities, central wavelengths,
and durations. Pinpointing the cause of this discrepancy is hard as there are many
culprits.
Is there a mechanism that can change the ground state hydrogen atom over time?
Existing literature hints at the possibility that laser-dressed bound states can cause
this. For a given intensity, resonant multi-photon ionization by itself can cause both
a reduced and an increased ionization probability [66]. As shown in [67] a reduction
in ionization probability is caused by the electron being excited to a stable bound
state rather than the continuum. Given enough time, such a state should relax
back to the ground state. However, the pulses in question are so short that new
photons, either from the injection or the drive pulse, arrive before any relaxation can
occur and directly excite the electrons from the bound state to the continuum. This
effect has not been discussed in depth in existing literature. It was reported that
semi-classical SFA is indeed unable to capture the quantum mechanical changes in
the angular distribution of the momentum [63]. The bound states are closer to the
continuum so, when compared to ground-continuum transitions, bound-continuum
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transitions require fewer photons of the same pulse. A new ionization channel is
available that would also work with lower intensities. For example, one photon
of a single cycle 750 nm pulse (1.65 eV) is sufficient for direct transitions from
the third orbital (-1.51 eV) to the continuum. Two photons of the same pulse are
sufficient for transitions from the second orbital. It could increase the magnitude of
ionization rate, like in Figure 12.6. It could also broaden the third peak by making
ionization occur at much lower intensities. The observations made in Figure 12.5
can be explained by either of the two.
To test my hypothesis, I employ toy models. If bound states are indeed behind the
discrepancy, eliminating their presence should remove it. The way I go about it is by
modifying the Hamiltonian of the hydrogen atom in tRecX. Usually, the Coulombic
potential is truncated at 60 atomic units. This allows for easier calculations, since
there truly is no potential beyond that point, leaving simpler equations. Convergence
tests confirm that it does not affect the observable in question. Even when this
truncation point is moved all the way to two hundred atomic units the results remain
unchanged. Now, instead of defining the truncation to be realistic, I define it to
remove the excited bound states while leaving the ground state unaffected. At a
user-defined point A, the Coulomb potential drops exponentially, becoming zero at
another user-defined point B. The choice is made such that over ninety-nine percent
of the electronic density in the ground state remains within the sphere defined by
|R| = A. Thus, I can be sure that only the excited states of the hydrogen atom are
affected by this.
Figure 12.7 supports my hypothesis very strongly. As discussed in its caption,
the presence of bound states, or lack thereof, has a significant effect on the delaydependent drift current and just the first and the second excited states are sufficient
to increase the total fraction of the atom ionized and to have a mechanism that can
result in an asymmetric ionization despite a symmetric injection pulse.
In a certain sense, the hydrogen atom is the simplest case of strong-field ionization.
The static Hamiltonian is exactly solvable and there are no many-body interactions
to pay heed to. Still, as is clear from the results I have presented so far, it can be
extremely complicated. Even here, the number of suspects that could cause the
discrepancies I observe are not limited to the two I discussed. Systematically ruling
out every single candidate is beyond the scope of my thesis. I believe that it can be
a source of future investigation. To the best of my knowledge, existing literature
underplays the role of the bound states and I hope that my results, which suggest
the contrary, will motivate more people to investigate it.
I would like to remind the reader of the primary aim of my theoretical foray into
strong field excitation in the hydrogen atom. The analytical equations I obtained
lay a rigorous quantum mechanical foundation for photoconductive sampling. SFA
is a well-tested theory and the results differing from tRecX simulations is a moment
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to rejoice as it indicates the existence of physical effects that might not have been
that well studied. I will discuss this in detail at the end of the next section. Here, it
suffices to remember that even when the results from the strong field approximation
do not conquer with the ones from tRecX, the SFA results stand on their own and
a lot of useful information can be extracted from the analytical gating function
obtained from SFA.

12.3. Detailed Inspection of the Gating Function
The analytical equations obtained for the gating function are extremely useful by
themselves. Even if the SFA cannot clarify the finer details of strong-field ionization,
it provides deep insights into the basic mechanism by which electrons are liberated
from the atomic potential and measured in pump-probe setups. All experimental
pump-probe setups will have additional physics not captured by SFA that is unique
to them. Those problems need to be solved per case. However, the results from SFA
can act as a good starting point for further investigations.
Photoconductive sampling is a technique, not an experiment. Discrimination is
necessary as, unlike an experiment, a technique aims to have broad applicability. As
a technique to obtain field resolved measurements, the aim is to have the broadest
bandwidth, that is, ability to resolve the light signature of as slow and as fast
physical phenomena as possible. In time domain, this means limiting the instance
of ionization to a delta-like peak. The same thing can be viewed in the frequency
domain via a simple Fourier transform of the gating function. Here, the ideal gating
function will have a smooth Gaussian peak centered at zero, extending to high
frequencies.
With this preamble, I present the first series of plots (Figure 12.8a, Figure 12.8b,
Figure 12.9a, and Figure 12.9b). Detailed discussion has been delegated to the
captions of for clarity and to avoid redundancy. The plots try to show the duration
of the central ionization events by reporting its FWHM.
The main conclusion that can be made based on the information using Figure 12.8a,
Figure 12.8b, Figure 12.9a and Figure 12.9b is that for nonlinear photoconductive
sampling, there exists an ideal intensity when the gating function is as close to the
ideal case as theoretically allowed. For all higher intensities, the duration of the
main ionization event is longer, and the relative contribution made by secondary
ionization events increases. While lowering the intensity further, can reduce the
ionization duration, the scaling is not linear and at some point, the signal produced
will simply be too weak to warrant the additional small gain in time-resolution.
It is highly likely that a more exact quantum mechanical model will confirm this
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fact. The value of this ideal intensity for the injection pulse might change but the
idea that there is a range where multi-photon ionization and tunneling ionization
balance each other out in a manner that minimizes ionization duration should still
be applicable. Usually, the intensity of the pulse is the easiest to change. For a
given central wavelength, an experimentalist employing photoconductive sampling
and other similar techniques should try tuning the intensity as it is the path of
least resistance to obtain better resolution. Even more nuance is added to this
observation when the central wavelength is changed. A shorter central wavelength,
i.e., a higher central frequency corresponds to an increase in the availability of
more energetic photons. Unlike intensity, the central wavelength imposes more
fundamental restrictions on nonlinear processes. The energy required to make a
medium conductive— band gap in solid and ionization potential in atoms— does
not change. For shorter wavelengths, the number of photons required to reach
this threshold energy decreases since the individual photons participating in the
interaction are more energetic. This would imply that the degree of nonlinearity
decreases with decreasing central wavelength. This still needs to be confirmed by
the plots of the gating function. I again present a series of figures (Figure 12.10a,
Figure 12.10b, Figure 12.11a, and Figure 12.11b) to hint at a general trend when
it comes to changing wavelengths. The Keldysh parameter remains unchanged.
The individual cases can be tuned to achieve shorter injection durations, but the
difference between the FWHM of the central peak of the three figures is large enough
to be indicative of the general trend.
Based on the preceding group of images, I conclude that reducing the wavelength
allows shorter injection duration. The trade-off is that the secondary peaks become
more dominant. This can be circumvented if the FWHM of the injection pulse is
less than one cycle as that directly reduces the intensity of the secondary sub-cycle
maxima of the light field.
To conclude this discussion, I present Figure 12.12. Once the results from Figure 12.12 are available, a lot of conclusions start becoming obvious. For a single
cycle pulse, a shorter central wavelength is physically shorter. So individual
sub-cycle spikes are narrower. So, the injection duration for NPS performed
with shorter central wavelength is shorter. It should be noted that a less energetic,
i.e., longer wavelength, injection pulse still limits the ionization events to a smaller
part within its cycle as shown in Figure 12.13. This feels obvious now, but I would
like to emphasize that I could provide the intuitive argument only after I had obtained the gating function over a vast parameter domain. After seeing all the results,
it seems intuitive that beginning from tunneling ionization, decreasing the intensity
shortens the injection duration, since a smaller part of optical pulse achieves field
strengths exceeding a "cut-off" value to initiate tunneling. This reduction with peak
intensity is not linear and is lower bound by the multiphoton ionization processes
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taking over. All these conclusions, although intuitive are not obvious and to the best
of my knowledge the relation between injection-duration, intensity and wavelength
has rarely been discussed in the literature. These results are especially useful for
any technique that wants to exploit nonlinear light matter interaction to create
ultra-fast ionization events (like TIPTOE and NPS).
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(a) Coulomb potential of the H atom

(b) Truncated leaving GS unperturbed

(c) Truncation even closer to nucleus. The ground state is still
unperturbed

Figure 12.7.: Subplots a, b and c show the delay dependent drift current obtained
with a Coulomb potential, modified as shown in their respective insets.
a simply has the real hydrogen atom. b is an aggressive truncation,
but the 1st and 2nd excited states are still far from the continuum. c
is truncated only 1.5 au closer to the nucleus than b but the excited
states are very close to the continuum.
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(a) Gating Function produced by an injection pulse with an FWHM of one cycle (2
femtoseconds). γK = 0.27. This would indicate that the intensity is high enough
that the electric field of the injection pulse bends the Coulomb potential and lowers
the potential barrier to an extent that electrons reach the continuum primarily by
tunneling. The ionization process is limited to three instances. The secondary peaks
in the time domain are almost half as large as the main central peak. This is not ideal.
It is also apparent in the frequency domain, where the local minima and maxima are
significantly different. It would mean that different frequency components of the drive
pulse will be weighted differently by a significant margin. The FWHM of the central
ionization event is 400 attoseconds.

(b) Gating function of a single cycle 600 nm pulse with γK = 0.47. The intensity is still
high enough that electrons are primarily ionized via tunneling. There still are three
ionization events but the secondary peaks are significantly weaker. A smaller part
of the injection pulse achieves the ’cut-off’ intensity. In frequency domain, the local
minima and maxima differ less, and the curve extends to higher frequencies. The
FWHM of the central ionization event is 351 attoseconds, an improvement over the
previously presented 329 attoseconds.

Figure 12.8.: Comparison of gating functions produced by pulses of different intensities
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(a) Gating function of a single cycle 600 nm pulse with γK = 0.81. The ionization process
seems to be even more localized than the previous two cases, with small secondary
peaks and FWHM of just 275 fs

(b) Gating function of a single cycle 600 nm pulse with γK = 1.161. It is already at the
limits at what may be numerically computed. The FWHM of the central ionization
event is shorter than when γK = 0.81 at 240 fs. As I will discuss later, this indicates
diminishing returns. Reducing the intensity generally reduced the ionization duration
but not linearly. Combined with less net ionization occurring to overcome background
noise this would place a limit on how low of an intensity is fruitful for experimental
setups.

Figure 12.9.: Comparison of gating functions produced by pulses of different intensities
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(a) 200 nm

(b) 400 nm

Figure 12.10.: Comparison of gating functions produced by pulses of central wavelengths 200 nm and 400 nm.
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(a) 600 nm

(b) 800 nm

Figure 12.11.: Comparison of gating functions produced by pulses of central wavelengths 600 nm and 800 nm.
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Figure 12.12.: A plot that tries to summarize the effect on injection duration when
tuning both the central wavelength and the intensity. The x axis
is the Keldysh parameter while the y axis is the FWHM of the
central ionization event in femtoseconds. This parameter does not
capture the presence of additional ionization events, but they may
be ignored by arguing that it is possible to produce sub-cycle pulses.
Distinct colors portray the different central wavelengths. Shorter
wavelengths allow shorter ionization duration but with diminishing
returns as is visible from the curves getting increasingly flatter with
decreasing wavelength.
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Figure 12.13.: Like Figure 12.12, a combined plot that summarizing the effect of
tuning both the central wavelength and the intensity. The x axis
is the same Keldysh parameter, but the y axis is the FWHM
of the central ionization event in optical cycles, i.e., normalized
for the fact that the duration of a pulse’s cycle increases with its
wavelength. It was shown in Figure 12.12 that shorter wavelengths
allow shorter ionization duration in absolute terms. However, relative
to the duration of the entire pulse, longer wavelength pulses can limit
the ionization events to a much smaller portion within its optical
cycle. This is due to the increased nonlinearity of the interaction.
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I achieved the initial stated purpose of laying an analytical, quantum mechanical, ab
initio foundation for photoconductive sampling. Comparison of the classical notion
of photoconductive sampling with the analytical approach leads to an important
conclusion. Using ionization rate models to describe strong-field light-matter interaction is a classical interpretation of an inherently quantum mechanical process.
However, in photoconductive sampling, the gating function, which is a quantum
mechanical quantity, when interpreted classically, is the ionization rate. Thus, for
all setups measuring a free charge’s momentum or energy like in photoconductive
sampling, one may define the ionization rate in an unambiguous manner as the
gating function. Ionization rate models do work for photoconductive sampling
to a limited extent, and the gating function is an improvement over the existing
ionization rates valid in a broader context.
The gating function answers the following question: "Given an optical field interacting with a medium, how much drift current would be observable if another field were
switched on perpendicular to it?" This completely avoids dealing with the dubious
discussion about when a bound electron is defined to become free in the presence of
a strong field. The gating function quantifies the fundamental process of ionization
caused by strong optical fields. Since the definition relies on the mathematical
concept of gating rather than a physical model, it can be defined unambiguously
within different frameworks. It may help comparing different analytical approaches
on an equal footing.
From the LPS results, the main conclusion was the following: ionization rate is
directly proportional to the instantaneous intensity of the pulse envelope. That was
expected but the surprising part was the existence of additional fast oscillations
that only disappeared once the rotating-wave approximation was made. Within the
constraint of LPS, these oscillations will be unobservable, but if the gating function
indeed can quantify ionization process even outside the context of photoconductive
sampling, it hints at new physics.
NPS results were even more exciting. The apparent involvement of bound states
at low light pulse intensities is remarkably interesting as, so far, very few studies
have discussed this effect. Simply by existing, these states modify the drift current.
While there still are other candidates to rule out, I hope that the results from my
toy models lay a convincing argument to inspire further investigation into the bound
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states.
The most important conclusion from NPS was the insight gained into the relationship between the central wavelength of the pulse, its intensity, and the duration for
which the electron gets ionized. It has very direct and practical consequences. Any
technique aiming to exploit nonlinear light-matter-interaction for attosecond metrology will benefit from the knowledge that there is an ideal range of intensity and
wavelength that minimizes the photoionization duration. At first, simply increasing
the intensity to be deep in the tunneling regime sounds enticing. The ionization will
be a function of the instantaneous field intensity and instantaneous response should
result in better time resolutions. My results suggest quite the contrary. Based
on the limitations placed by the experimental signal to noise ratio, reducing the
intensity is better up-to the point where the participation of multi-photon ionization
processes results in diminishing returns. In fact, for shorter wavelengths, SFA seems
to suggest that this ideal intensity range lies at point where the Keldysh parameter
is far greater than one.
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