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Abstract

Ultra-short light pulses are an important tool for various experiments. The tem-
poral dependency of their electric field is the maximal information one can have
about them. Field-sampling techniques can provide this information. In this the-
sis, an all-optical heterodyne field sampling technique using a response function in
frequency domain will be analysed. It utilizes the interference of a local oscillator
(transmitted sampling pulse) with a heterodyne signal (wave-mixed signal gener-
ated in a crystal). Its principles will be explained in more detail. Maxwell’s wave
equations will be solved to get a model for the local oscillator and the heterodyne
signal. It will be shown that, in frequency domain, the measured signal can be
approximated by a product of the test pulse with a response function. An expres-
sion for the response function will be found and analysed. It will be shown that
unknown parameters of the response function can be retrieved along with the test
pulse, which is of actual interest. A method for pulse reconstruction will be sug-
gested. Lastly, the principal component generalized projection algorithm known
from frequency-resolved optical gating will be adjusted to work for a spectrogram
that is made up of the interference of a local oscillator with a heterodyne signal.
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Chapter 1

Introduction

Ultra-short laser pulses [1, 2] opened the pathway for a variety of experiments
and pushed the limits of time resolution and available electric field strengths. For
example, regular pulse trains play an important role in high-precision frequency
measurements with frequency combs [3–5]. Ultra-short intense pulses are also sig-
nificant for attosecond science [6, 7], spectroscopy, influencing material properties
with light [8–10] and many other reseach topics. Especially in field-resolved mea-
surements [11, 12], it plays an important role to have simple field measurement
techniques. Many common field characterisation techniques [13] like FROG [14–
16] or SPIDER [17] provide a lot of useful information about an electro-magnetic
pulse. However, direct access to the field in time domain is not possible with
those techniques. Other measurement ideas like electro-optic sampling [18–21],
photoconductive [22] and nonlinear photoconductive sampling [23, 24], attosecond
resolved interferometric electric-field sampling [25], or attosecond streaking [26,
27] need a gate that is much shorter than a half cycle of the light pulse that one
wants to measure. To push experimental limits even further, improvements in time
resolution and bandwidth is a continuous challenge.

This thesis analyses an all-optical heterodyne field sampling technique that
supports petahertz bandwidth. In chapter 2, the measurement idea will be ex-
plained and field propagation in a nonlinear medium with low-order nonlinearities
will be analyzed. This analysis provides an analytical expression for the hetero-
dyne signal, which contains the information about a test pulse and which will be
the most important quantity throughout this thesis.
In chapter 3, it will be shown that, in frequency domain, the spectrum of the
interference signal of a local oscillator (transmitted sampling pulse) with the het-
erodyne signal can be written as a multiplication of a response function with the
test pulse. Some characteristics of the response function will be analysed. It will
be shown that some parameters of the sampling pulse can be retrieved along with
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the test pulse. Lastly, a method for combining all the information from several
measurements will be discussed.
In chapter 4, an algorithm for field reconstruction along with gate reconstruc-
tion from the same measurement will be shown. This algorithm will be based on
retrieval algorithms known from FROG.



Chapter 2

Analysis of the heterodyne signal

Heterodyne detection is an useful concept for optical measurements. It has been
used in various experiments [28–31]. A small optical signal can be amplified and
its noise can be reduced by interfering it with a collinear local oscillator, which
is much stronger than the optical signal [28]. The measured intensity IM can be
written as [30]

IM = ILO + ID + 2
√
ILOID cos(Θ). (2.1)

ILO is the intensity of the local oscillator, ID is the intensity of the optical sig-
nal and Θ is their phase difference. If the local oscillator is much stronger than
the optical signal, the second term on the right-hand side can be neglected. The
first term is a constant background. The third term is the interesting part of the
equation and contains the information about the optical signal. Its intensity is the
square root of the intensity of the local oscillator multiplied by the intensity of the
optical signal. Since the local oscillator is stronger than the actual optical signal,
the intensity of the mixed term is higher compared to the intensity of the optical
signal solely.

This thesis is about theoretically investigating the measurement of the electric
field of light pulses. A heterodyne setup will be used for this purpose. The optical
signal will be generated by a nonlinear process in a crystal through the interaction
of a sampling pulse with the test pulse. This signal will be called heterodyne
signal in the further thesis. It contains the information of the test pulse. The
local oscillator will also be generated through a nonlinear process solely by the
sampling pulse. The aim of this chapter is to explain the measurement idea and to
get a mathematical expression for the heterodyne signal and the local oscillator. It
will be analysed how phase-matching and non-instantaneous polarization response
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affect the heterodyne signal. In the next section, the measurement idea will be
discussed in more detail.

2.1 Generalized heterodyne optical-sampling tech-

niques

Heterodyne optical field-sampling techniques are a powerful tool for electric field
characterization. There are suggestions to use a nonlinear process to generate a lo-
cal oscillator. Recent research at Max Planck institute for quantum optics (MPQ)
has shown that the combination of a nonlinear local oscillator and CEP stabiliza-
tion of the sampling pulse results in a powerful technique (see ’Ultra-broadband
photonic sampling of optical waveforms’ (submitted)). In this section, this tech-
nique will be explained and the term heterodyne signal will be discussed.

x

y

z

detector

polarizer

crystal

τ

sampling pulse
test pulse

Figure 2.1: A setup for heterodyne field sampling measurements. A weak test
pulse and a strong sampling pulse are mixed in a crystal through nonlinear po-
larization. This wave-mixed signal interferes with the transmitted sampling pulse.
The spectral intensity at a certain detection frequency is measured versus the de-
lay between the sampling and test pulse.

Figure (2.1) shows the simplified measurement setup. Two orthogonally po-
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larized pulses are sent through a crystal. One of those is a strong pulse, which
will be called sampling pulse in the further thesis. Its purpose is to drive nonlin-
ear polarization inside a crystal. The other one is a rather weak test pulse. Its
time-dependent electric field has to be measured. The delay of the two pulses is
changed and the spectral intensity is measured at a fixed detection frequency ωt.
Inside the crystal, some nonlinear signal is generated. The exact nonlinear process
depends on the strength of the light field, the crystal and its orientation relative to
the incoming pulses. Possible nonlinear contributions could be sum and difference
frequency generation or four-wave mixing. The field after the crystal contains the
linearly transmitted pulses as well as the wave-mixed fields (heterodyne signal).
If the test pulse is weak enough, the heterodyne signal will depend linearly on it.
All higher-order contributions of the test pulse can be neglected. The interference
of the heterodyne signal with the local oscillator (transmitted sampling pulse) can
be achieved and controlled with a polarizer. The transmitted test pulse can also
be blocked by the polarizer if desired. But even if the test pulse gets transmitted
in a certain setup, it can be defined as a part of the heterodyne signal. Then the
heterodyne signal won’t be a pure wave-mixed signal, but it would still be linear
with respect to the test pulse. The total electric field Etot(t, τ) after the polarizer
is given by

Etot(t, τ) = ELO(t) + EHS(t, τ). (2.2)

ELO(t) is the electric field of the local oscillator and EHS(t, τ) is the heterodyne
signal. τ is the delay of the test pulse with respect to the sampling pulse. The local
oscillator ELO(t) contains all signal that is created purely by the sampling field.
In particular, it could contain the transmitted sampling field and nonlinear contri-
butions. The sampling field as well as the test field are fast oscillating, ultra-short
fields. Hence, the time-dependent signal can not be measured by any electronic
device directly. What is measured in an experiment is the spectral intensity. This
is the square of the absolute value of the frequency domain field. The spectrum of
the detected electric field at a specific detection frequency ωt is given by

|Ft [Etot(t, τ)]|2 = |ELO(ωt) + EHS(ωt, τ)|2

= |ELO(ωt)|2 + 2Re [E∗LO(ωt)EHS(ωt, τ)] + |EHS(ωt, τ)|2

≈ |ELO(ωt)|2 + 2Re [E∗LO(ωt)EHS(ωt, τ)] . (2.3)

In this equation, the spectral intensity is measured at frequency ωt (this frequency
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is Fourier-conjugate to time). The approximation in the third row states that the
heterodyne signal is much weaker than the local oscillator. This approximation is
valid if the test pulse is weak enough. The first term on the right-hand side of the
equation is the spectrum of the local oscillator. It is independent of the delay τ
and hence a constant background at a specific detection frequency ωt. One can
measure it separately and subtract it from the measurement. The total signal is
then given by the following equation:

S(ωt, τ) = |ELO(ωt) + EHS(ωt, τ)|2 − |ELO(ωt)|2

≈ 2Re [E∗LO(ωt)EHS(ωt, τ)] . (2.4)

Performing the subtraction is convenient because one gets rid of the delay-independent
background. One can also see in the second row of equation (2.4) that the resulting
signal is rather simple. It contains only the interference term between the local
oscillator and the heterodyne signal.

A general expression of the heterodyne signal can be found by demanding it
to depend linearly on the test pulse. If one also allows the heterodyne signal at a
given time t to depend on the test pulse at other times t− t′, a general expression
for the heterodyne signal is given by

EHS(t, τ) =

∞∫
−∞

dt′ g(t, t′)Etest(t+ τ − t′). (2.5)

The gate g(t, t′) is determined by the sampling field and the used crystal. It can
change with the time t because the sampling pulse depends on time. In this equa-
tion, the gate is a rather abstract function. It describes how the strong sampling
field allows the weak test pulse to contribute to the nonlinear signal. Without the
sampling pulse, the test pulse would be too weak to drive nonlinear processes on
its own. But in presence of a sampling pulse driving nonlinear processes, the test
pulse will linearly perturb the nonlinear signal created by the sampling pulse and
hence contributes to the nonlinear signal.

The only τ -dependency in equation (2.5) is inside the argument of the test
pulse. This can be exploited by Fourier transforming equation (2.4) with respect to
τ and evaluating the corresponding integral first. This will only Fourier transform
the test pulse, which can be factored out hereafter. One gets the following signal

S(ωt, ωτ ) = Fτ [S(ωt, τ)] = R(ωt, ωτ )Etest(ωτ ). (2.6)
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A detailed calculation and an expression for the response function R(ωt, ωτ ) can be
found in section 3.1. This equation shows that the measured signal after Fourier
transformation does linearly depend on the Fourier transform of the test field, in
which we are interested. If the response function R(ωt, ωτ ) is known, one directly
gets the Fourier transform of the test field. One simply has to divide the measured
signal by the response function (if its absolute value is not zero).
In chapter 3, it will be shown how the test pulse can be extracted from such a
signal. The response function depends strongly on the local oscillator and is also
related to the heterodyne signal. Therefore, a accurate model for these quantities
is needed. This is the subject of the subsequent sections.

2.2 Nonlinear wave equations

Electric waves that propagate through a crystal create a polarization response in
the material. If the electric field is strong enough to cause nonlinear polarization,
two initially independent fields may interact through this polarization response.
A new signal is created that depends on all interacting fields. When doing a field-
sampling measurement as proposed in section 2.1, one field is the strong sampling
field and the other one is a weak test pulse. The wave-mixed signal is the het-
erodyne signal and is approximately linear with respect to the test field. Since
the heterodyne signal contains the most important information, it is important to
have a good model for it. A general formula for calculating the heterodyne signal
will be found in this and the subsequent sections.

In this thesis, the Fourier transform pair

F (ω) ≡ 1

2π

∞∫
−∞

dt F (t)eiωt (2.7)

F (t) ≡
∞∫

−∞

dω F (ω)e−iωt (2.8)

is used. The notation of a function is the same in time and frequency domain.
One can distinguish them by the argument of the function (t or τ in time domain,
and ωt or ωτ in frequency domain).
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Wave propagation is generally described by wave equations. Here, one has
to solve them with a nonlinear polarization in the crystal. This problem was
addressed in various experimental and theoretical papers [32–37]. This section is
based on all those works but follows primarily [38] and [39]. As shown in [39] the
nonlinear wave equation in frequency domain is given by

∇2E(~r, ωt) +
ω2
t

c2
ε(1)(ωt)E(~r, ωt) = − ω2

t

ε0c2
PNL(~r, ωt). (2.9)

Here E(~r, ωt) is the electric field at position ~r and with frequency ωt. It is the
Fourier transform of the real-valued electric field in time domain. The vector
nature of the electric field of light is neglected. The total polarization comprises
a linear and a nonlinear term. The linear polarization effect is included into the
relative permittivity ε(1)(ωt), and the term PNL(~r, ωt) on the right hand side of the
equation is the nonlinear polarization. If one approximates the light to be a plane

wave propagating along the z-direction and substitutes
ω2
t

c2
ε(1)(ωt) by the square of

the wavenumber k2(ωt), the wave equation becomes

∂2

∂z2
E(z, ωt) + k2(ωt)E(z, ωt) = − ω2

t

ε0c2
PNL(z, ωt). (2.10)

When the electric field travels through a medium, the polarization of the medium
will act as a source for new components of the electric field. One may split the total
electric field into two components. One of them is the fundamental electric field
EF(z, ωt), which already existed in front of the crystal and gets transmitted at the
front surface. Its propagation is only affected by linear polarization response. The
other component is the electric field ENL(z, ωt), which is created by the nonlinear
polarization response. The total electric field can then be written as

E(z, ωt) = EF(z, ωt) + ENL(z, ωt). (2.11)

Plugging this Ansatz into equation (2.10) yields

∂2

∂z2
EF(z, ωt)+k

2(ωt)EF(z, ωt)+
∂2

∂z2
ENL(z, ωt)+k

2(ωt)ENL(z, ωt)=
−ω2

t

ε0c2
PNL(z, ωt).

(2.12)

This equation can be split into two equations. Both of them have to be fulfilled
individually:
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(I)
∂2

∂z2
EF(z, ωt) + k2(ωt)EF(z, ωt) = 0 (2.13)

(II)
∂2

∂z2
ENL(z, ωt) + k2(ωt)ENL(z, ωt) = − ω2

t

ε0c2
PNL(z, ωt) (2.14)

Now the fundamental beam and the created electric field are separated in two
equations. The only term that could couple these two equations is the nonlinear
polarization. Since one needs high electric field values for the nonlinear polariza-
tion to occur and one can assume that the electric field ENL(z, ωt) stays always
considerably weaker than the fundamental beam EF(z, ωt), one can approximate
that the nonlinear polarization is at all times only caused by EF(z, ωt). Then,
one can solve equation (2.13) to find the fundamental beam. Afterwards, equation
(2.14) can be solved easily as well if the nonlinear polarization depends solely on
the fundamental beam.

The solution of equation (2.13) is given by

EF(z, ωt) = UF(ωt)e
ik(ωt)z. (2.15)

Here, UF(ωt) is the fundamental beam at position z = 0 right in front of the crystal.
Every frequency component propagates with a frequency-dependent wavenumber
inside the crystal. Backward propagating waves are not considered. This solution
of the fundamental beam can be used to calculate the nonlinear polarization. In
order to solve for ENL(z, ωt), one can use the Ansatz

ENL(z, ωt) = UNL(z, ωt)e
ik(ωt)z. (2.16)

This Ansatz is similar to the result for the fundamental beam given by equation
(2.15). However, one allows the amplitude of each frequency component UNL(z, ωt)
to change with the position z inside the crystal. This accounts for the fact that the
nonlinear electric field contribution is produced in the crystal. At its front surface,
it does not exist at all. Hence, UNL(z = 0, ωt) is zero. However, it will grow with z
inside the crystal due to the nonlinear polarization, which acts as a source. Plug-
ging the Ansatz of equation (2.16) into equation (2.14) gives the following equation:
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{
∂2

∂z2
UNL(z, ωt) + 2ik(ωt)

∂

∂z
UNL(z, ωt)− k2(ωt)UNL(z, ωt) + k2(ωt)UNL(z, ωt)

}

× eik(ωt)z = − ω2
t

ε0c2
PNL(z, ωt) (2.17)

The third and fourth term in the curly brackets cancel each other out. If the
amplitude of each frequency component UNL(z, ωt) is a slowly varying function with

respect to z, then one can approximate
∣∣∣ ∂2∂z2UNL(z, ωt)

∣∣∣ � ∣∣2ik(ωt)
∂
∂z
UNL(z, ωt)

∣∣
and neglect the first term in the curly brackets. This approximation simplifies
equation (2.17) to

2ik(ωt)
∂

∂z
UNL(z, ωt)e

ik(ωt)z = − ω2
t

ε0c2
PNL(z, ωt). (2.18)

Solving this equation for UNL(z, ωt) yields the simple differential equation

∂

∂z
UNL(z, ωt) =

i

2ε0c2

ω2
t

k(ωt)
e−ik(ωt)zPNL(z, ωt), (2.19)

which can be easily solved by integration for a given PNL(z, ωt). The integration
limits are z = 0, which is the position at the front surface of the crystal, and
z = L (L is the length of the crystal). At z = 0, the amplitude of each frequency
component of the created field UNL(z, ωt) is zero. Keeping in mind the Ansatz in
equation (2.16) and integrating equation (2.19), the total electric field created by
the nonlinear polarization is given by

ENL(L, ωt) =
i

2ε0c2

ω2
t

k(ωt)
eik(ωt)L

L∫
0

dz e−ik(ωt)zPNL(z, ωt). (2.20)

This is the main result of this section and is used as a starting point for calculating
specific cases. It describes light propagating along the positive z-direction. The
plane wave, undepleted wave and the slowly evolving wave approximation were
used. Reflections from the crystals surfaces are not accounted for.

2.3 Second order nonlinear signal

In this section, the electric field created by second-order nonlinear polarization is
calculated. This is the lowest-order nonlinear polarization possible and is often
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used in pulse characterization techniques like FROG [15]. The polarization de-
pends on the square of the fundamental field in time domain and, in frequency
domain, it can be written as

P
(2)
NL(z, ωt) =

∞∫
−∞

dω̃ UF(ω̃)eik(ω̃)zUF(ωt − ω̃)eik(ωt−ω̃)zχ(2)(ωt; ω̃, ωt − ω̃). (2.21)

The first two as well as the third and fourth factors in the integral are the fun-
damental electric field given by equation (2.15). Without the function χ(2) the
entire integral would be just a convolution, which corresponds to a multiplication
in time domain. The factor χ(2) is the second-order susceptibility and describes
the mixing of two frequencies at ω̃ and ωt− ω̃, which creates a new frequency com-
ponent at frequency ωt. It also accounts for non-instantaneous material response
to the fundamental beam. The tensor nature of χ(2) is neglected here because one
is dealing with fixed polarizations. Nevertheless, one should keep in mind that
the actual values of the susceptibility depend on the polarization directions of the
fundamental beams and the polarization direction of the created field. A formal
definition of the second-order susceptibility can be found in [39]. The integral
sums up all mixing contributions that lead to the frequency ωt

The fundamental electric field EF(z, ωt) is the superposition of a strong sam-
pling field and a weak test pulse as discussed in section 2.1. They don’t necessarily
have the same polarization direction. When calculating the polarization response,
the polarization directions of the fundamental pulses have to be taken into account
by choosing the correct values of the susceptibility tensor.

2.3.1 Second order heterodyne signal

The second-order heterodyne signal is the electric field that is created by the
second-order polarization response and that is linear with respect to the test field.
Hence, one field contribution in equation (2.21) has to be the test pulse and the
second field has to be the sampling field. Setting one fundamental field in equation
(2.21) equal to the test pulse and the other one equal to the sampling pulse an
plugging it into equation (2.20) yields
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E
(2)
HS(L, ωt, τ) =

i

2ε0c2

ω2
t

k(ωt)
eikd(ωt)L

L∫
0

dz

∞∫
−∞

dω̃ 2 e−ikd(ωt)zUt(ω̃)e−iω̃τeikt(ω̃)z

× Us(ωt − ω̃)eiks(ωt−ω̃)zχ
(2)
HS(ωt; ω̃, ωt − ω̃). (2.22)

The function χ
(2)
HS takes non-instantaneous material response in the crystal into ac-

count. The subscript ’HS’ means heterodyne signal and points out that the values
of the susceptibility depend on the polarization of the sampling field, of the test
field and of the created field. The factor 2 in the integral appears because the
sampling pulse and test pulse are distinguishable [40]. The delay of the test pulse
is included via the factor e−iω̃τ . The indices at each k-value as well as at the χ(2)-
function take account of the polarization directions. The index ’s’ stands for the
sampling field, the index ’t’ signifies the test pulse and ’d’ designates the detection
polarization. The integral over z can be solved easily since the only z-dependent
terms are the exponential functions:

E
(2)
HS(L, ωt, τ) =

i

2ε0c2

ω2
t

k(ωt)
eikd(ωt)L

∞∫
−∞

dω̃ 2Ut(ω̃)e−iω̃τUs(ωt − ω̃)χ
(2)
HS(ωt; ω̃, ωt − ω̃)

× ei∆k
(2)(ωt,ω̃)L − 1

i∆k(2)(ωt, ω̃)

with ∆k(2)(ωt, ω̃) = kt(ω̃) + ks(ωt − ω̃)− kd(ωt) (2.23)

Later in this thesis the Fourier transform of the heterodyne signal with respect
to the delay τ will become important. It can be calculated easily because the
only τ -dependency in equation (2.23) is the factor e−iω̃τ . Fourier transforming this
factor will lead to a delta function 2πδ(ωτ − ω̃). Consequently, the result is given
by

E
(2)
HS(L, ωt, ωτ ) =

1

2π

∞∫
−∞

dτ eiωτ τE
(2)
HS(L, ωt, τ)

=
i

2ε0c2

ω2
t

k(ωt)
2eikd(ωt)LUt(ωτ )Us(ωt − ωτ )χ(2)

HS(ωt;ωτ , ωt − ωτ )
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× ei∆k
(2)(ωt,ωτ )L − 1

i∆k(2)(ωt, ωτ )

≡ 1

ε0c2

ω2
t

k(ωt)
eikd(ωt)LUt(ωτ )Us(ωt − ωτ )χ(2)

HS(ωt;ωτ , ωt − ωτ )

× Φ(2)(ωt, ωτ )

with Φ(2)(ωt, ωτ ) =
ei∆k

(2)(ωt,ωτ )L − 1

∆k(2)(ωt, ωτ )
. (2.24)

One can see that the heterodyne signal in frequency domain is a simple product.
Most importantly, one factor is the electric field of the test pulse in front of the
crystal Ut(ωτ ), which depends only on the frequency conjugate to the delay τ .
Another factor is the sampling pulse Us(ωt−ωτ ), which depends on the difference
of the frequency conjugate to the time t and the frequency conjugate to the delay
τ . The function χ(2) takes non-instantaneous material response in the crystal
into account. The factor Φ includes phase-matching effects, that are caused by
a wavenumber mismatch at different frequencies. If one wants to treat sum and
difference frequency generation independently, one can separate Ut and Us into
positive and negative frequency contributions. One is then the complex conjugate
of the other one.

2.3.2 Second order local oscillator

In this subsection, second-order contributions to the local oscillator are discussed.
Since the local oscillator interferes with the heterodyne signal, a model is needed
to retrieve the test pulse from a measurement later on. The local oscillator de-
pends solely on the sampling field. In case of a second-order process, all two field
components in equation (2.21) have to be the sampling field. Doing analogue cal-
culations as in subsection 2.3.1 yields

E
(2)
LO(L, ωt) =

i

2ε0c2

ω2
t

k(ωt)
eikd(ωt)L

∞∫
−∞

dω̃ Us(ω̃)Us(ωt − ω̃)χ
(2)
LO(ωt; ω̃, ωt − ω̃)

× ei∆k
(2)
LO(ωt,ω̃)L − 1

i∆k
(2)
LO(ωt, ω̃)
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with ∆k
(2)
LO(ωt, ω̃) = ks(ω̃) + ks(ωt − ω̃)− kd(ωt) (2.25)

The main difference between equation (2.23) and equation (2.25) is that the term
Ut(ω̃)e−iω̃τ , which is the delayed test pulse, is replaced by Us(ω̃), which is the sam-
pling pulse. This accounts for the fact that the local oscillator is the transmitted
sampling pulse and does hence not include the test pulse. Also the indices at χ(2)

and ∆k are different. This accounts again for the polarizations, which are now
different because the test pulse is replaced by the sampling pulse.

2.4 Third order nonlinear signal

In this section, the electric field created by third-order nonlinear polarization is cal-
culated. If second-order polarization is symmetry-forbidden, this is the strongest
nonlinear contribution. The calculation steps are very similar to those in sec-
tion 2.3. The polarization is proportional to the cube of the electric field in time
domain. In frequency domain, each multiplication corresponds to a convolution.
Hence, the frequency domain expression for the nonlinear polarization is given by

P
(3)
NL(z, ωt) =

∞∫
−∞

dω̃

∞∫
−∞

dω̂ UF(ω̃)eik(ω̃)zUF(ωt − ω̃ − ω̂)eik(ωt−ω̃−ω̂)zUF(ω̂)eik(ω̂)z

× χ(3)
HS(ωt; ω̃, ωt − ω̃ − ω̂, ω̂). (2.26)

The factor χ
(3)
HS is the third-order susceptibility and describes the mixing of three

frequencies at ω̃, ωt − ω̃ − ω̂ and ω̂ to create a new frequency component at fre-
quency ωt. Again, the tensor nature is disregarded, but its values will depend on
the polarizations of the pulses. The fundamental field involves the sampling and
the test pulse. The polarization response that is important for the third-order
heterodyne signal has to include the test pulse once and, as a consequence, the
sampling pulse twice. Similarly to equation (2.22), the heterodyne signal is given
by

E
(3)
HS(L, ωt, τ) =

i

2ε0c2

ω2
t

k(ωt)
eikd(ωt)L

L∫
0

dz

∞∫
−∞

dω̃

∞∫
−∞

dω̂ 3 e−ikd(ωt)zUt(ω̃)e−iω̃τeikt(ω̃)z

× Us(ωt − ω̃ − ω̂)eiks(ωt−ω̃−ω̂)zUs(ω̂)eiks(ω̂)z
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× χ(3)
HS(ωt; ω̃, ωt − ω̃ − ω̂, ω̂). (2.27)

The factor 3 appears because two of the three involved light fields are distin-
guishable [40]. The function χ

(3)
HS takes account for the non-instantaneous material

response analogue to the function χ
(2)
HS defined in equation (2.22). The integral

over z can be solved easily since the only z-dependency is within the exponential
functions. It is similar to the last factor of equation (2.23). However, the definition
of ∆k contains an additional term. The complete expression after integration with
respect to z is given by

E
(3)
HS(L, ωt, τ) =

3i

2ε0c2

ω2
t

k(ωt)
eikd(ωt)L

∞∫
−∞

dω̃

∞∫
−∞

dω̂ Ut(ω̃)e−iω̃τUs(ωt − ω̃ − ω̂)

× Us(ω̂)χ
(3)
HS(ωt; ω̃, ωt − ω̃ − ω̂, ω̂)

ei∆k
(3)(ωt,ω̃,ω̂)L − 1

i∆k(3)(ωt, ω̃, ω̂)

with ∆k(3)(ωt, ω̃, ω̂) = kt(ω̃) + ks(ωt − ω̃ − ω̂) + ks(ω̂)− kd(ωt).
(2.28)

Later in this thesis, the Fourier transform of the heterodyne signal with respect to
the delay τ will be needed. It is given by

E
(3)
HS(L, ωt, ωτ ) =

1

2π

∞∫
−∞

dτ eiωτ τE
(3)
HS(L, ωt, τ)

=
3i

2ε0c2

ω2
t

k(ωt)
eikd(ωt)L

∞∫
−∞

dω̂ Ut(ωτ )Us(ωt − ωτ − ω̂)

× Us(ω̂)χ
(3)
HS(ωt;ωτ , ωt − ωτ − ω̂, ω̂)

ei∆k
(3)(ωt,ωτ ,ω̂)L − 1

i∆k(3)(ωt, ωτ , ω̂)

≡ 3

2ε0c2

ω2
t

k(ωt)
eikd(ωt)LUt(ωτ )

∞∫
−∞

dω̂ Us(ωt − ωτ − ω̂)

× Us(ω̂)χ
(3)
HS(ωt;ωτ , ωt − ωτ − ω̂, ω̂)Φ(3)(ωt, ωτ , ω̂)
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with Φ(3)(ωt, ωτ , ω̂) =
ei∆k

(3)(ωt,ωτ ,ω̂)L − 1

∆k(3)(ωt, ωτ , ω̂)
(2.29)

2.5 Phase-matching function

Phase-matching is a limiting factor in nonlinear optics and several techniques ex-
ist to deal with it [41, 42]. Due to material dispersion inside the crystal, different
frequency components propagate with different speed (both phase and group ve-
locity). New frequencies are generated inside the crystal due to the nonlinear
polarization induced by the incoming fields. This polarization propagates with
the sum of the their wavenumbers. The electric field that is produced by the
polarization in a small volume of the crystal will propagate with a wavenumber
that corresponds to the generated frequency. For example, if two incoming electro-
magnetic waves with frequency ω1 and ω2 and corresponding wavevectors k1 and
k2 generate a new wave with frequency ω3 = ω1 + ω2 and wavevector k3 = k1 + k2

via sum frequency generation, the wavevector-mismatch is defined by [39]

∆k = k1 + k2 − k3. (2.30)

If ∆k is not equal to zero, different parts of the generated field, which are pro-
duced at different locations in the crystal, are not in phase with each other. Con-
sequently, they don’t interfere constructively. This diminishes the power of the
generated field. Similar expressions for the wavevector-mismatch were already de-
fined in equation (2.23) and equation (2.28). The functions Φ(2) and Φ(3) defined
in equation (2.24) and equation (2.29) describe the influence of phase-matching.
Both have the same functional form and differ solely by the expression of the
wavevector-mismatch that is plugged in. The function Φ sums up (integral over
z) all generated fields at different parts in the crystal. Since the heterodyne signal
depends linearly on Φ, it might limit the information encoded in the heterodyne
signal for frequencies where |Φ| is zero or very small.

Now, as an example, the function Φ(2)(ωt, ωτ ) defined in equation (2.24) will
be analysed for a quartz crystal. Quartz has an ordinary and extraordinary axis
with corresponding refractive indices given by [43, 44]

n2
o = 1.28604141 +

1.07044083λ2

λ2 − 0.01005855997
+

1.10202242λ2

λ2 − 100
(2.31)

n2
e = 1.28851804 +

1.09509924λ2

λ2 − 0.0102101864
+

1.15662475λ2

λ2 − 100
. (2.32)
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Figure 2.2: The absolute value of the function Φ(2)(ωt, ω) as defined in equation
(2.24) for a quartz crystal of length 10µm.

In these equations, λ is the wavelength in µm. The wavenumber is linked to the
refractive index through

k(ω) =
ω

c
n(ω), (2.33)

in which c is the speed of light in vacuum. The wavelength is connected to the
angular frequency by

λ =
2πc

ω
. (2.34)

Figure (2.2) shows the absolute value of the Φ-function. The crystal thickness
was set to 10µm. Equation (2.31) and equation (2.32) where used to calculate the
wavevector mismatch ∆k(ωt, ωτ ) = ke(ωτ ) + ko(ωt − ωτ ) − ko(ωt). Here, the test
pulse is polarized along the extraordinary axis and the sampling field polarization
as well as the detection polarization are along the ordinary axis. The last term in
equation (2.31) and equation (2.32) was dropped respectively. This term is most
important for wavelengths around 10µm. At PHz-frequencies, it does not play a
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Figure 2.3: The coherence length in quartz.

major role. The plot shows that phase-matching does not limit the heterodyne sig-
nal for small frequencies with respect to ωt and ωτ . At higher frequencies, fringes
appear and the absolute value of Φ drops quickly. Therefore, phase-matching is
a limiting factor for high frequencies at a given crystal thickness L. One can en-
large the area in which phase-matching is given by using a thinner crystal. This
means that the red area in figure (2.2) would become larger and the fringes move
to higher frequencies as well. The disadvantage is that a thinner crystal leads to
a weaker signal.

An important quantity that describes the thickness of a crystal for which phase-
matching is not a limiting factor is the coherence length. It is defined as [40]

Lc =
π

|∆k|
. (2.35)

When the coherence length is reached, a phase shift of π
2

between the polarisation
response and the created field from the front end of the crystal leads to an energy
transfer from the created field back to the polarisation and, as a consequence, the
created field becomes weaker instead of stronger. Figure (2.3) shows the coherence
length in quartz for all combinations of ωt ans ωτ . The largest length tolerated
in this plot is approximately 314µm (dark red area). If the coherence length was
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larger or even diverging, it was cut for illustration purposes. As expected, the
coherence length is larger for small frequencies in consent with figure (2.2). Along
the (approximately) diagonal axis, the coherence length stays large. There ωt−ωτ
is zero. Consequently, the test pulse is mixing with a zero-frequency-component
of the sampling pulse. Since the frequency of the generated pulse is then equal to
the frequency of the test pulse, both wavenumbers are the same and cancel each
other. The wavenumber of the zero-frequency-component is zero. Then it is clear
that the phase-matching condition (∆k = 0) is fulfilled. The small shift of this
axis from the actual diagonal is due to birefringence. A coherence length greater
that 10µm is given approximately up to 6 PHz angular frequency, coinciding with
the first significant drop in figure (2.2).

2.6 Higher-order susceptibility and Miller’s rule

Miller’s rule is an approximation of higher-order susceptibilities by the linear sus-
ceptibility of a crystal. It can be used to find an expression for the function χ(2)

and χ(3), which are part of the equations in section 2.3 and section 2.4, assuming
that one has complete knowledge about the linear susceptibility. Initially it was
found empirically by a comparison of the second-order susceptibility of different
crystals [45]. But it can also be derived by a perturbative approach [39, 46]. How-
ever, one should keep in mind that it is not a universal rule [47, 48].

A generalized Miller’s formula is given by [46]

χ(q)(ω0;ω1, . . . , ωq)

χ(q)(ω′0;ω′1, . . . , ω
′
q)

=

∏q
l=0 χ

(1)(ωl)∏q
l=0 χ

(1)(ω′l)
. (2.36)

In this relation, χ(q) is the qth-order nonlinear susceptibility and χ(1) is the lin-
ear susceptibility. If a frequency is tagged with a dash, it is a fixed frequency at
which the value of the susceptibility is known. Hence, in order to know the entire
higher-order susceptibility, it is sufficient to have complete knowledge of the linear
susceptibility and the knowledge of the higher-order susceptibility for at least one
set of frequencies ω′0, ω

′
1, . . . , ω

′
q.

One can extract the second-order susceptibility from equation (2.36). It is
given by



22 2. Analysis of the heterodyne signal

χ(2)(ω0;ω1, ω2) =
χ(2)(ω′0;ω′1, ω

′
2)

χ(1)(ω′0)χ(1)(ω′1)χ(1)(ω′2)
χ(1)(ω0)χ(1)(ω1)χ(1)(ω2)

∝ χ(1)(ω0)χ(1)(ω1)χ(1)(ω2). (2.37)

Similary, the third-order susceptibility is

χ(3)(ω0;ω1, ω2, ω3) =
χ(3)(ω′

0;ω′
1,ω

′
2,ω

′
3)

χ(1)(ω′
0)χ(1)(ω′

1)χ(1)(ω′
2)χ(1)(ω′

3)
χ(1)(ω0)χ(1)(ω1)χ(1)(ω2)χ(1)(ω3)

∝ χ(1)(ω0)χ(1)(ω1)χ(1)(ω2)χ(1)(ω3). (2.38)

The linear susceptibility can be approximated as [39]

χ(1)(ω) =
Ne2

ε0m

1

ω2
0 − ω2 − 2iωγ

. (2.39)

Here N is the electron density, e is the elementary charge, m is the electron mass,
ω0 is the natural frequency of the electrons, and γ describes the energy loss of the
electrons proportional to their velocity.

As an example, figure (2.4) shows the second order susceptibility for quartz.
For the ordinary and extraordinary axis, the second term of equation (2.31) and
the second term of equation (2.32) was used for the linear susceptibility. These
terms have the strongest influence in the PHz-regime. The fact that the sus-
ceptibility is complex (due to the friction term 2iγ) was neglected (and is also
not important for the main result). One can see that the second-order nonlinear
susceptibility is non-zero for all frequency combinations of ωt and ωτ . Since the
nonlinear susceptibility is a factor in the heterodyne signal and its frequency de-
pendence describes the non-instantaneous material response to the electric field,
non-instantaneous polarization is not a limiting factor for the bandwidth as long
as Miller’s rule can be applied. Hence, the main limiting factor is phase-matching
discussed in section 2.5.
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Figure 2.4: The second-order susceptibility χ(2)(ωt;ωτ , ωt − ωτ ), which was calcu-
lated using the first-order susceptibility and Miller’s. The function is not zero for
any frequency combination of ωt and ωτ , and hence does not restrict the informa-
tion given in the heterodyne signal
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Chapter 3

Test pulse reconstruction with a
known response function

In order to measure ultra-short laser pulses, a common way is to exploit nonlinear
polarization in a medium. In the setup shown in section 2.1, one needs a suffi-
ciently strong light pulse (sampling pulse), which drives the nonlinear processes in
the medium. The much weaker test pulse perturbs the nonlinear signal linearly.
By changing the relative delay of the test and sampling pulse, one gets enough
information about the test pulse. The functional form of the detected signal was
discussed in section 2.1 and is given by equation (2.4). This chapter provides a
theory on how the test pulse can be reconstructed from the measured signal. In
section 3.1, it will be shown that the Fourier transform of the measured signal with
respect to the delay is given by a multiplication of the test pulse with a response
function (equation (2.6)). An analytical expression for the response function will
be found.

3.1 Derivation of the response function

To illustrate equation (2.6) and to find an expression for the response function
R(ωt, ωτ ), the Fourier transform of equation (2.4) has to be calculated. For that
purpose, the terms E∗LO(ωt)EHS(ωt, τ) and ELO(ωt)E

∗
HS(ωt, τ), which yield twice

the real part after summation, are evaluated separately. The calculation for the
first one is given below.

Fτ [E∗LO(ωt)EHS(ωt, τ)](ωτ ) = E∗LO(ωt)Fτ

Ft
 ∞∫
−∞

dt′ g(t′, t)E(t+ τ − t′)
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= E∗LO(ωt)

∞∫
−∞

dτ eiωτ τ
∞∫

−∞

dt eiωtt
∞∫

−∞

dt′ g(t, t′)E(t+ τ − t′)

= E∗LO(ωt)

∞∫
−∞

dt eiωtt
∞∫

−∞

dt′ g(t, t′)

∞∫
−∞

dτ eiωτ (t+τ−t′)E(t+ τ − t′)eiωτ (t′−t)

= E∗LO(ωt)E(ωτ )

∞∫
−∞

dt ei(ωt−ωτ )t

∞∫
−∞

dt′ g(t, t′)eiωτ t
′

= E∗LO(ωt)E(ωτ )g(ωt − ωτ , ωτ )

Here E(ωτ ) is the test field. The calculation of Fτ [ELO(ωt)E
∗
HS(ωt, τ)](ωτ ) is al-

most identical. The only difference is that the Fourier transform with respect to
t has to be complex conjugated before doing the Fourier transform with respect
to τ . Since the test pulse and the gate are both real functions in time domain,
the complex conjugate of the Fourier transform with respect to t is the same func-
tion but evaluated at the negative frequency. This means that the only difference
compared to the above calculation is that ωt has to be replaced by −ωt. In case
of the local oscillator, which only depends on ωt, a change of the sign of ωt is the
same as to complex conjugate the function. As a conclusion, the evaluation of
Fτ [ELO(ωt)E

∗
HS(ωt, τ)](ωτ ) is given by

Fτ [ELO(ωt)E
∗
HS(ωt, τ)](ωτ ) = ELO(ωt)E(ωτ )g(−ωt − ωτ , ωτ ).

One may notice that the function describing the test field is in both cases the
same. This is an important finding because this means that the test pulse can be
factored out. Finally, the whole expression of the Fourier transform of equation
(2.4) is given by

Fτ [2Re[E∗LO(ωt)EHS(ωt, τ)]](ωτ ) =

= E∗LO(ωt)E(ωτ )g(ωt − ωτ , ωτ ) + ELO(ωt)E(ωτ )g(−ωt − ωτ , ωτ )

= {E∗LO(ωt)g(ωt − ωτ , ωτ ) + ELO(ωt)g(−ωt − ωτ , ωτ )}E(ωτ ). (3.1)

Comparison of equation (3.1) with equation (2.6) directly yields the response func-
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tion R(ωt, ωτ ), which is given by

R(ωt, ωτ ) = E∗LO(ωt)g(ωt − ωτ , ωτ ) + ELO(ωt)g(−ωt − ωτ , ωτ ). (3.2)

The response function is a two dimensional function depending on ωt and ωτ . Its
functional form depends only on the sampling field and the nonlinear medium
used in an experiment. The gate in case of a second or third-order nonlinear
process can be read from equation (2.24) and equation (2.29). It includes all
factors except Ut(ωτ ), which is the test pulse. The local oscillator is given by a
combination of equation (2.15) (linearly transmitted sampling field) and equation
(2.25) (second-order contribution to the local oscillator). In a real measurement,

one measures the signal given by equation (2.4) at a specific set of frequencies ω
(i)
t

and Fourier transforms it with respect to the delay. If one knows the exact response
function for those frequencies and the whole spectrum of the test pulse is covered
by the response function at, at least, one detection frequency, the test pulse can
be calculated by a simple division or the method described in section 3.4. One
may get knowledge of the exact response function by simulations or experimentally
(since it is possible to calculate a test pulse in case of a known response function,
it is also possible to calculate the response function in case of a known test pulse).

3.2 Discussion of the response function

If one knew the response function and it covered the entire spectrum of the test
pulse, pulse measurements would be an easy task. However, some questions have
to be answered. What is the best detection frequency to perform such a measure-
ment? What is the highest frequency, that can be resolved? Has the response
function gaps and where are they? How does temporal duration and the carrier
envelope phase of the sampling field affect the response function? The aim of this
section is to answer these questions.

3.2.1 Optimal detection frequencies

The formalism with the response function is convenient because, in principle, one
must simply measure the intensity at a certain frequency ωt versus delay between
test pulse and sampling pulse. Then the test pulse can be calculated if the re-
sponse function is known. Now the question is at what frequency (or frequencies)
ωt the measurement should be done. Possible detection frequencies are limited
by the spectrum of the local oscillator. This can be seen in equation (3.2). The
local oscillator depends solely on the detection frequency ωt, and it is multiplied
by the gate in order to form the response function. Hence, wherever the spectrum
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(a) The sampling field used for calculating the response function
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(b) Absolute value of the response function for the case that the local oscillator and the
gate are both proportional to the sampling field.
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(c) The second-order harmonic generated by sampling pulse is used as a local oscillator
and the gate is the sampling field.
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(d) The second-order harmonic generated by the sampling pulse is used as a local oscil-
lator and the gate is the square of the sampling field.
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Figure 3.1: A comparison of the response function for different nonlinear regimes
is shown. (a) The sampling field in time domain is plotted. Its central frequency
is 0.24 PHz corresponding to 1.25µm wavelength. (b) The response function de-
pending on ωt and ωτ is shown for the case in which the local oscillator and the
gate are equal to the sampling field. The best detection frequency ωt is about
the central frequency of the sampling pulse. At the same frequency, the response
function has a gap. (c) The case is shown where the important part of the local
oscillator is the square of the sampling field and the gate is identical to the sam-
pling field. The best detection frequency is about twice the central frequency of
the local oscillator and there is a gap at the same frequency. (d) The relevant part
of the local oscillator and the gate are both the square of the sampling field. The
best detection frequency is approximately given by twice the central frequency of
the sampling field.
In the upper-right corner of each plot, a top view of the response function is shown.
All plots are normalized.

of the local oscillator is zero, the response function is zero as well. Also the local
oscillator has to be much stronger than the heterodyne signal due to the approx-
imation made in equation (2.3). The best detection frequencies are consequently
the frequencies where the local oscillator has its maxima.

Figure (3.1) gives an overview of response functions for different nonlinear
regimes. Different nonlinear regimes means here that the part of the local oscil-
lator used for interference with the heterodyne signal ELO(t) ∝ En

sampling(t) and

the gate g(t) ∝ Em−1
sampling(t) are proportional to a certain power of the sampling

field. The indices n and m describe the order of nonlinearity. The reason why m
is diminished by 1 is that one factor of the heterodyne signal has to come from
the test field. The heterodyne signal is at least of second-order nonlinearity. This
means that m has to be greater or equal to 2. Non-instantaneous material response
and phase-matching are disregarded in these plots. These effects, however, do not
change the position of the non-zero parts of the response function significantly.
Although particularly phase-matching can have a huge impact on the amplitude
of each maximum (figure (2.2)).

One can see in figure (3.1) that possible detection frequencies ωt are around
the central frequency of the sampling field if the local oscillator depends linearly
on the sampling field (see figure (3.1b)). If the local oscillator is proportional to
the square of the sampling field, a good detection frequency is about twice the
central frequency (see figure (3.1c) and figure (3.1d)). Even though the square of
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the sampling field has also a contribution around zero in frequency domain, this
is suppressed by a factor ωt (compare equation (2.20) with k(ωt) ∝ ωt).

3.2.2 Highest detectable frequency

Another important question is: what is the highest frequency that can be mea-
sured with this technique? The highest detectable frequency is simply given by
the sum of the highest detection frequency ωt,max, where the local oscillator is still
reasonably strong, and the highest frequency Ωmax, where the gate function g(Ω)
is reasonably strong as well.

This can be seen by considering the fact that for a given detection frequency ωt
with a non-zero local oscillator the highest detectable frequency ωτ,max is solely de-
termined by the gate function. Let Ωmax be the highest value in the gate function
for which the gate is still sufficiently strong. Since the gate is a real function in time
domain, it has to be a symmetric function in frequency domain (g(Ω) = g∗(−Ω)).
Therefore, the smallest frequency of the gate function is given by −Ωmax. Now
let’s remember that the gate function appears in two ways in the response function
given by equation (3.2). One factor is given by g(ωt − ωτ ) and a other factor is
given by g(−ωt − ωτ ). Let’s consider only the first factor g(ωt − ωτ ). Since the
argument in the gate function has to be greater than −Ωmax, ωτ has to be smaller
than ωt + Ωmax. Hence, the highest value for ωτ can be reached by setting ωt to its
highest value. Consequently, the highest measurable frequency ωτ,max is given by
ωt,max +Ωmax as claimed. If one uses the factor g(−ωt−ωτ ) for the argumentation,
the result after similar thoughts would be that the lowest measurable frequency is
−ωt,max − Ωmax. This fulfills all expectations since we are dealing with real func-
tions in time domain. This highest frequency is possible if the frequency of the
test pulse ωt,max + Ωmax is down-converted by the highest frequency of the gate
Ωmax to yield the highest possible detection frequency ωt,max.

The maximal measurable frequency ωτ can also easily be read from figure (3.1)
(b) to (d). These plots verify the expression for the highest measurable frequency.

One should keep in mind that knowing the highest measurable frequency does
not mean that every smaller frequency can be measured as well. Usually, the
response function has a few gaps.

3.2.3 Gaps in the response function

Figure (3.1) shows the amplitude of response functions for several nonlinear regimes.
For every nonlinear regime, one can see that the peaks of the response function
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Figure 3.2: The origin of response function gaps. The dashed curve shows a non-
shifted gate and the solid curves show the shifted gate by ±ωt. The gate function
G(−ωτ ) = G∗(ωτ ) is shifted by ωt and −ωt to form the two terms of the sum
going into the response function after multiplication with E∗LO(ωt) and ELO(ωt),
respectively (compare equation (3.2)). A gap emerges at the center frequency of
the gate.

look like rotated ellipses. For higher detection frequencies ωt, the peaks are shifted
towards higher frequencies ωτ and vice versa. This is a helpful characteristic be-
cause this means that one can get information about different ωτ -frequencies by
changing the detection frequency ωt. What the possible detection frequencies are
was discussed in subsection 3.2.1. They are solely determined by the local oscil-
lator. Where the gaps are is determined by the gate function, which depends on
ωt and ωτ . The gate function is limited by the spectral amplitude of the sam-
pling field. The response function depends on the shifted gate function. One term
of the response function is the gate shifted by ωt and multiplied by the complex
conjugate of the local oscillator. The other term is the gate shifted by −ωt and
multiplied by the local oscillator. Figure (3.2) shows qualitatively the two terms
going into the response function. Due to the shift by ±ωt, a gap emerges at the
central frequency of the non-shifted gate ωc. For example, if the local oscillator
has its maximum at ωc and this frequency is used as the detection frequency, the
gate will have its maxima at 0 and 2ωc and a gap at ωc (compare figure (3.1b)).
Here only one maxima of the gate was considered. For specific shifts ωt, the gaps
may be filled by an other maxima (for example negative frequency maximum of
the non-shifted gate at −ωc). The physical interpretation of the gaps is simple.
Due to the wave-mixing between the gate and the test pulse, new frequencies are
formed, which are the sum or difference of the involved frequencies of the gate
and of the test pulse. If one measures a signal at frequency ωt and the gate has a
central frequency ωc, the test pulse frequency can either be ωt−ωc if the frequency
of the gate is up-converted by the test pulse or ωt + ωc if it is down-converted.
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Figure 3.3: The response function for different sampling pulse durations is shown
for the case where the gate and the local oscillator are equal to the sampling field.
The curves are the real part of the complex spectrum, the imaginary part is zero for
all frequencies in this example. The detection frequency is 0.26 PHz corresponding
to a wavelength of 1.15µm (compare figure (3.1b)).

However, if the test pulse frequency was ωc itself, it can’t be measured at a detec-
tion frequency ωc because it is converted by the gate to a frequency that is unequal
ωc.

3.2.4 Response function vs sampling pulse duration

At the end of the last subsection, it was described that a response function for
a specific nonlinear regime and a specific sampling pulse might have gaps with
respect to ωτ at a certain detection frequency ωt. In this section, it will be in-
vestigated, how these gaps depend on the pulse duration of the sampling field.
Changing the pulse duration will not change the position of the gaps, but there is
a change in the width of the spectrum of the sampling field. Hence, gaps in the
response function might become smaller or disappear completely.

Figure (3.3) shows how the response function behaves for sampling pulses with
different durations. One can easily see that the gaps of the response function
become smaller or disappear completely if the sampling pulse gets shorter. For
these plots, sampling pulses as short as 5 fs were used with a central frequency
of 0.24 PHz. The reason why the gaps in the response function become smaller
for shorter sampling pulses is that its spectrum becomes broader. As explained
in the previous section, the gap depends on the gate function (and the detection
frequency). The gate function itself however depends on the sampling field. This
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Figure 3.4: The amplitude (black curve for each CEP-value) and the phase (dashed
curves) of the response function for a set of different carrier envelope phases of the
sampling pulse. The sampling field is a simple Gaussian pulse with a full width at
half maximum of 5 fs and a center frequency of 0.24 PHz. The detection frequency
was arbitrarily set to 0.26 PHz

means that if the sampling field has a broad spectrum (is short in time), the
gate function will have a broad spectrum as well and gaps will become smaller
or disappear completely. In the limit of an infinitesimal short gate function, the
response function will approach a constant value for all frequencies ωτ of interest.
For example, this limit is used in electro-optic sampling, where the sampling pulse
has to be as short as possible for good results (at least shorter than a half cycle
of the test pulse). Then the response function in frequency domain is close to a
constant. This means that one is directly measuring the test pulse in time domain.

3.2.5 Response function vs sampling pulse CEP

Figure (3.4) shows an example of a response function at a fixed detection frequency
at 0.26 PHz for different carrier envelope phases (CEPs) of the sampling field. The
sampling field is a simple Gaussian pulse with a central frequency of 5 PHz and
a full width at half maximum of 5 fs. The detection frequency is 0.26 PHz. The
local oscillator as well as the gate depend linearly on the sampling field. Phase-
matching effects or non-instantaneous material response (discussed in section 2.1)
were neglected here. One can see that the response function has two maxima at
0 PHz and at twice the central frequency (in the plot they are the corresponding
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angular frequencies 2π times larger). The CEP-dependence of the response func-
tion is different for different maxima. In this example, close to 0 PHz, the response
function does not depend on the carrier envelope phase of the sampling field at all.
The reason is that the local oscillator as well as the gate depend both linearly on
the sampling field in this example. Since they are multiplied to form the response
function, the carrier envelope phase cancels out for that maximum. One can also
see that, in case of the second maximum, the angle of the response function is
twice the carrier envelope phase. This is due to the fact that, for this maxima,
the carrier envelope phase in the local oscillator and in the gate sum up instead
of canceling each other. To put it in a nutshell, each maximum of the response
function has its own carrier envelope phase dependency. It is determined by the
dependency of the gate and of the local oscillator on the sampling field (in this
example it is a linear dependency). It also depends on the process, that leads
to each maxima. For example in case of a second-order process, it depends on
whether a maximum in the response function is due to sum frequency generation
or difference frequency generation.

3.3 Retrieve parameters of the response function

If one knew the response function and all gaps of the test pulse spectrum were
covered by the response function at, at least, one detection frequency, then the
test pulse can be retrieved easily by dividing the measured signal through the re-
sponse function. If several detection frequencies have to be combined to fill gaps,
this task is just slightly more complicated. A method is suggested in section 3.4.
However, complete knowledge of the response function may not be easily available
as the response function depends strongly on the sampling field. Consequently,
the sampling field has to be known perfectly. Many common field characterization
techniques like FROG [14] or SPIDER [17] deliver good insights into many pulse
characteristics, but the entire field can’t be retrieved. For example, FROG does
not reveal the carrier envelope phase of a pulse. That can be treated as an un-
known parameter of the sampling pulse. In general, the response function might
be known pretty well up to a few specific parameters. Using several detection
frequencies might contain enough information to retrieve these parameters along
with the test pulse.

This section gives an analysis for the case in which the sampling pulse is known
up to its carrier envelope phase and its amplitude. The total amplitude is only
important if the response function is made up of a combination of second and
third-order nonlinearities. Then the amplitude defines the relative contribution of
the different nonlinearities to the heterodyne signal.
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In order to find a solution for this problem, one may consider the following
case: One performs two measurements at different detection frequencies ω

(1)
t and

ω
(2)
t . The constant background is subtracted from the delay-dependent intensity

and then it is Fourier-transformed along the delay axis. The result is described
by equation (2.6). One measured the product of the response function, which is
known except for a few parameters, with the unknown test pulse. The measured
data at each detection frequency is an array of complex numbers M (n)(ωiτ ) with
n ∈ 1, 2. Even though the response function is not known, one knows that the
measured signal at both detection frequencies can be written as

M (1)(ωiτ ) =R̂(ω
(1)
t , ωiτ )Etest(ω

i
τ )

M (2)(ωiτ ) =R̂(ω
(2)
t , ωiτ )Etest(ω

i
τ ). (3.3)

The hat over the response function indicates that it is the actual response function,
which, unfortunately, includes unknown parameters. In order to find them, one
may minimize the following loss function:

L(α, β, . . .) =
∑
ωiτ

∣∣∣M (1)(ωiτ )R(ω
(2)
t , ωiτ , α, β, . . .)−M (2)(ωiτ )R(ω

(1)
t , ωiτ , α, β, . . .)

∣∣∣2
(3.4)

Here the parameters α, β, . . . are the unknown parameters of the response func-
tion. Since the sampling field is the most uncertain input when calculating the
response function, these parameters are mainly linked to the sampling field. The
frequencies ωiτ depend on the delay steps of the measurement.
When minimizing this loss function, one utilizes the fact that, if the parameters
α, β, . . . are chosen correctly and the model of the response function is able to
describe the real response function sufficiently well, the loss function will be the-
oretically zero and practically only limited by the measurement accuracy and the
model for the response function. In this case, correctly retrieving the unknown pa-
rameters just requires that the loss function has only one minimum at the correct
parameters.

Figure (3.5) shows a response function that was used to test this idea. A
quartz crystal of length 10µm was used for calculating the response function.
Phase-matching and non-instantaneous material response were considered. The
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Figure 3.5: The absolute value of an exemplary response function that involves
balanced second and third-order nonlinear processes. The red lines indicate two
detection frequencies used for parameter-retrieval. The orange line shows a third
detection frequency used for test pulse reconstruction only. The orange curve on
the right-hand side indicates the spectrum of the test pulse. The measured signal
(not shown) is the multiplication of the response function with the test pulse. The
white line indicates a frequency ωτ on which different maxima at the two different
detection frequencies (red line) have non-zero contributions.

response function is generally given by equation (3.2). The function g(ωt−ωτ , ωτ )
is given by a combination of the heterodyne signal in equation (2.24) and equation
(2.29) without the factor Ut(ωτ ), which is the test pulse respectively (both second
and third-order nonlinearities contribute). The local oscillator includes its linearly
transmitted part, which was calculated via equation (2.15), and a second order
contribution, which is given by equation (2.25). In this example, only the second
order contribution of the local oscillator is of importance. In figure (3.5), the sam-
pling pulse characteristics were chosen in such a way that the contribution of the
linearly transmitted sampling pulse and of its second harmonic are comparable.
This, however, is only for a better visibility and actually violates the undepleted
pump approximation used in chapter 2. The sampling pulse in this example is
a Gaussian pulse with a central frequency of 0.4 PHz, a width of 3 PHz and a
carrier envelope phase of 0.5 rad. Its amplitude was chosen high enough that the
second and third order nonlinear process are at about the same strength. The two
red lines show the two detection frequencies used for parameter-reconstruction by
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minimizing the loss-function given by equation (3.4). They are as far apart as pos-
sible (but still in the nonlinear part of the local oscillator) to enhance chances that
they comprise different information. The orange line is a third detection frequency
used only later for test pulse reconstruction additionally to the two red detection
frequencies. The orange curve on the right-hand side shows the absolute value of
the test pulse in frequency domain. The measured signal M (n)(ωiτ ) (not shown) in
an experiment is the response function multiplied by the test pulse at frequencies
ω

(n)
t . For this simulation, a random complex number with zero expectation value

and an amplitude of 1% of its maximum absolute value is added to the measured
signal to simulate noise.

It is assumed that the sampling pulse is known except for its amplitude and
carrier envelope phase. The amplitude can be retrieved if the loss function changes
due to an change of the relative weight of second and third-order contributions.
The relative weight of these contributions can be seen as a parameter instead of
the actual amplitude. Actually, it would be a bad choice to use the amplitude
directly as a parameter. Even though this is the most natural way, the obvious
best amplitude for minimizing this loss function would be zero. Therefore, the
parameter A

Areal
was used. Only the third order contribution was multiplied by it

when calculating a guess of the response function. The fixed second-order part
assures that the response function is not pushed to zero when minimizing. Here A
is the unknown parameter and Areal is the actual value. This definition is just for
illustration. The optimal parameter should be the actual sampling field amplitude
in this example. Of course this is only possible because Areal is known in a simula-
tion. In practice, only the ratio could be retrieved. This is enough to reconstruct
the test pulse up to a constant factor in the end.

Since the loss function defined in equation (3.4) treats every ωτ -component in-
dependently, there has to be at least one ωτ -value on which the response function
depends on second and third-order nonlinear processes. It is also enough if the
contribution is of second-order at one detection frequency and of third-order at
the other. A value of ωτ that fulfils this condition is marked with a white line in
figure (3.5). The frequency range around this white line is the most important
one for parameter retrieval. At other ωτ -values, where only second-order or only
third-order contribution have an influence, the relative weight does not matter.
Even worse, it would go to zero as at least the third-order contributions would be
guaranteed to yield zero loss. At the left intersection of the white line with the red
line, the response function has a second-order contribution. On the intersection
with the right red line, the response function has a third-order contribution. Both
of them are at the same frequency ωτ . Since such an overlap is needed, the spectral
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Figure 3.6: Loss function against the sampling pulse amplitudes and sampling
pulse CEP. There is one minimum at the correct parameters, which is indicated
with a red cross.

width of the sampling field has to be high enough and the spectrum of the test
pulse has to be non-zero, where such an overlap is possible.
The same argumentation, which was made for the amplitude, is similarly also
true for the carrier envelope phase. As shown in figure (3.4), the carrier envelope
phase within one maxima yields an approximately constant phase in the response
function. Since the response function is multiplied by the test pulse to yield the
measured signal, one can not say if a constant phase in the measurement is due
to the response function or the test pulse. Then the carrier envelope phase of the
test pulse can not be retrieved without ambiguity. However, if several maxima
contribute to the same ωτ (even if at different detection frequencies ωt) and those
two maxima have a different sampling field carrier envelope phase dependency,
then the ambiguity is resolved.

In order to illustrate that, in this case, the amplitude and the carrier envelope
phase can be retrieved, the loss function is plotted in figure (3.6) after normal-
ization. One sees clearly that the loss function has one minimum at the correct
parameters, which is marked with a red cross. Hence, the correct parameters
(amplitude and carrier envelope phase of the sampling pulse) can be retrieved
by minimizing the loss function defined in equation (3.4). In the next section, a
method for pulse reconstruction is shown for a known response function.



40 3. Test pulse reconstruction with a known response function

3.4 Field retrieval

If the response function is known at all frequencies ωτ and all detection frequencies
ωt, field retrieval in frequency space is performed by simple division of the measured
signal by the response function. The measured signal is the Fourier transform with
respect to the delay of the delay-dependent intensity measured at a fixed detection
frequency and after subtraction of the delay-independent background as discussed
in equation (2.4) and equation (2.6). Since the Response function can have gaps at
the spectrum of the test pulse as discussed in subsection 3.2.3, one usually needs
several detection frequencies, which fill the gaps of each other. In this section,
a simple procedure for combining the information of each detection frequency is
shown. In the following, one assumes generally that a measurement is performed
at n detection frequencies ωi. Each measurement consists of an array of size N .
This array represents the measurement depending on ωτ . Each data point can
be hence written as Mj,i. The first index j represents here a discrete value of ωτ
and j ∈ {1, 2, . . . , N}. The second index i represents the detection frequency with
i ∈ {1, 2, . . . , n}. One assumes that the response function is exactly known and the
measured data may have some noise. Exploiting all information of the measured
data at all detection frequencies can be done by minimizing a loss function defined
by

L ≡
∑
j,i

|Mj,i −Rj,iEj|2 . (3.5)

Here Mj,i is the measured signal. Each value is in general a complex number be-
cause of the Fourier transformation with respect to τ . Also, the measured electric
field in frequency domain Ej and the response function Rj,i consist of arrays of
complex numbers. Ej is the test field, which is independent of the detection fre-
quency indexed with i. Therefore, the only index of the test pulse E is j, which
stands for a specific value of ωτ . One can simplify equation (3.5) to contain only
real numbers by treating the real and imaginary part separately. This yields the
loss function

L =
∑
j,i

{
(Re[Mj,i]−Re[Rj,iEj])

2 + (Im[Mj,i]− Im[Rj,iEj])
2}

=
∑
j,i

{(
MR

j,i −RR
j,iE

R
j +RI

j,iE
I
j

)2
+
(
MI

j,i −RR
j,iE

I
j −RI

j,iE
R
j

)2
}
. (3.6)

In this equation, The superscript R and I indicate that the real or imaginary part
is meant respectively. The best choice of the test pulse has to minimize the loss
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function. This means, that the derivative of the loss function with respect to each
component of the test pulse has to vanish. The real and imaginary part of the test
pulse can be treated individually. Derivation of equation (3.6) with respect to the
real part of the kth component of the test pulse, ER

k , and demanding it to be zero
yields the following equation:

0
!

=
∂L
∂ER

k

=
∑
j,i

{
2
(
MR

j,i −RR
j,iE
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j +RI
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j

) (
−RR

j,i

)
δk,j

+2
(
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j,iE

I
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j
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}
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Solving this equation for ER
k gives the result

ER
k =

∑
i

{
MR

k,iR
R
k,i +MI

k,iR
I
k,i

}
∑
i

{(
RR
k,i

)2
+
(
RI
k,i

)2
} . (3.8)

An analogical calculation for the imaginary part of the test pulse EI
k yields a

similar solution

EI
k =

∑
i

{
MI

k,iR
R
k,i −MR

k,iR
I
k,i

}
∑
i

{(
RR
k,i

)2
+
(
RI
k,i

)2
} . (3.9)
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Chapter 4

FROG-like reconstruction

In chapter 3, a field reconstruction method based on a response function in fre-
quency domain was discussed. The assumption there was that complete knowledge
of the response function is available. This means in particular that the gate func-
tion is known (at least up to a few parameters). If this is not the case, other
techniques are necessary. A tool that allows the reconstruction of a gate along
with the test pulse is already known: frequency resolved optical gating (FROG).
It is related to the 2D-phase-retrieval problem [16, 49]. It has been used to anal-
yse light pulses at various spectral ranges [50–52]. FROG utilizes the fact, that a
spectrogram contains all information about a test pulse and a gate up to known
ambiguities [53, 54] like the carrier envelope phase. The blind-FROG spectrogram
is given by [55]

IFROG(ωt, τ) =

∣∣∣∣∣∣ 1

2π

∞∫
−∞

dt G(t)E(t+ τ)eiωtt

∣∣∣∣∣∣
2

. (4.1)

E(t + τ) is the delayed test pulse and G(t) is a gate function. IFROG(ωt, τ) is
the measured spectrogram. One can see, that the measured signal is the squared
amplitude of the Fourier transform of the product of a gate and a delayed test pulse.
This product is a simplified form of the heterodyne signal discussed in chapter 2.
Non-instantaneous material response and phase-matching are disregarded here.
When comparing equation (4.1) with equation (2.3), one sees that the FROG-
signal and the signal measured in the setup shown in chapter 2 are very similar.
The only difference is that equation (2.3) includes a local oscillator, which interferes
with the heterodyne signal.
Because of the similarities, a retrieval algorithm for the signal given by equation
(2.3) may be found, which is based on known FROG retrieval algorithms. For that
purpose, a popular FROG-retrieval algorithm is explained in section 4.1.
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Figure 4.1: Principle of generalized projection algorithms. Starting from an initial
guess (blue dot) one gets closer to the solution (red dot) by alternately projecting
onto a set of functions that fulfil one of the two constraints. This figure is based
on [55].

4.1 PCGPA algorithm

The principal component generalized projection algorithm (PCGPA) is a popular
algorithm to retrieve a test pulse and a gate from a FROG-signal [56, 57]. This
section explains this algorithm and follows mainly the papers of Kane to do so [55,
58]. In section 4.2, adjustments to this algorithm so that it works for the signal
given by equation (2.3) are explained.

4.1.1 Generalized projections

The aim of a FROG reconstruction algorithm is to retrieve the test pulse from a
measured spectrogram. The spectrogram is given by equation (4.1). In the original
papers of Kane [55, 58], the gate was delayed with respect to the test field. In this
thesis, the test field is delayed in order to be consistent with the rest of the thesis.
So the role of the gate and test field is swapped compared to the original papers.
Also, the convention of the Fourier transform is different here, but that doesn’t
make any difference to the reconstruction algorithm. One can see in equation (4.1)
that the heterodyne signal is a simple multiplication of a gate and the test pulse
in time domain.

Equation (4.1) delivers two constraints, which are used to retrieve the gate
and the test pulse from a measured spectrogram. In order to see what these two
constraints are, one may rewrite equation (4.1) by the following two equations:
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I. IFROG(ωt, τ) = |EHS(ωt, τ)|2 (4.2)

II. EHS(t, τ) = G(t)E(t+ τ) (4.3)

The first constraint is given by equation (4.2). The squared amplitude of the
heterodyne signal has to match the measured data. This constraint does not say
anything about how the heterodyne signal depends on the gate and the test pulse.
The form of the heterodyne signal is the second constraint given by equation (4.3).
One has to ensure, that the heterodyne signal in time domain is calculated by a
gate function and the test pulse via multiplication.

With these two constraints, reconstruction works as shown in figure (4.1). One
begins with a guess for the gate and a guess for the test pulse in time domain.
These guesses will probably be not similar to the real gate and the real test pulse
at all, nor will they fulfil equation (4.2). From these guesses, one calculates a
heterodyne signal by multiplication according to equation (4.3). This heterodyne
signal will probably not fulfil the first constraint. One gets a new guess for the
heterodyne signal by projecting the old guess to a function space that ensures
the first constraint given by equation (4.2). This projection is rather easy. One
just has to replace the amplitude of the guess by the square root of the measured
data

√
IFROG(ωt, τ). Hence, the new guess for the heterodyne signal is given by

EHS,new(ωt, τ) =
√
IFROG(ωt, τ)eiφ(EHS,old(ωt,τ)). Now one has a new heterodyne

signal, which fulfils the first constraint. However, since the amplitude of the het-
erodyne signal was changed, it very likely will not fulfil constraint two any more,
which states that the heterodyne signal in time domain can be written as a product
of a gate and a test pulse. The second projection will need to assure that the new
heterodyne signal can be written like in equation (4.3). This means, one needs
to find a new guess for the gate and a new guess for the test pulse that repro-
duce the new heterodyne signal as good as possible after multiplication. This is a
rather hard projection and subject to subsection 4.1.3. The way how the PCGPA
algorithm achieves this projection is basically the main difference to other FROG
algorithms.

By alternately projecting a guess of the gate and of the test pulse to a set
of functions that fulfils one of the two constraints, one will approach the correct
solution if the function spaces fulfilling the constraints are convex and the solution
is unique. An overview of this kind of algorithm is given in [59]. In case of
a FROG signal, the two constraints are not convex. For example, the Fourier
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modulus constraint can’t be convex as shown in example 3.15 in [60]. Applying this
method to a non-convex constraint set is called method of generalized projections
[59].

4.1.2 Mapping between an outer product and the hetero-
dyne signal

The projection to the intensity constraint, which has to be fulfilled in frequency
domain, was a rather simple one. The only thing to do is to replace the amplitude
of the complex heterodyne signal with the measured data and keep the phase.
The projection to a set of functions that fulfil the physical constraint given by
equation (4.3) is more complicated. PCGPA searches for the principal component
of a matrix for this purpose. In order to understand why this works, one has to
see that there is a mapping between an outer product and a heterodyne signal
given by equation (4.3). For this purpose, the test field and the gate are defined as
discrete values on an equally spaced time grid of size N and spacing of ∆t, which
is much smaller than a single cycle of each field. Also, the time grid has to be at
least double the width of the pulse and gate. The reason will become clear later.
Then the pulse and the gate can be written as

Etest(t) = [E1, E2, · · · , EN] (4.4)

G(t) = [G1, G2, · · · , GN] . (4.5)

With this definition, the outer product of the gate and the pulse is given by


G1

G2
...
GN

⊗ [E1 E2 · · · EN

]
=


E1G1 E2G1 · · · ENG1

E1G2 E2G2 · · · ENG2
...

...
. . .

...
E1GN E2GN · · · ENGN

. (4.6)

In the original papers [55, 58], the outer product was defined the other way around
so that the role of the gate and the test pulse is swapped. In this thesis, the test
pulse is delayed, while in the original paper the gate was delayed. Since later a
local oscillator is added, which behaves the same way as the gate with respect to
the delay, it is mathematically easier if only the test pulse is delayed. By doing a
reversible operation to matrix in equation (4.6), this matrix can be transformed
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to a matrix that describes the heterodyne signal given by equation (4.3). The
main operation is to shift every row by its row number minus one to the left.
After doing this, one gets the following matrix, which is already very close the
heterodyne signal form.

τ=0∆t τ=1∆t τ=2∆t s τ=−2∆t τ=−1∆t


E1G1 E2G1 E3G1 · · · EN−1G1 ENG1

E2G2 E3G2 E4G2 · · · ENG2 E1G2

E3G3 E4G3 E5G3 · · · E1G3 E2G3
...

...
...

. . .
...

...
ENGN E1GN E2GN · · · EN−2GN EN−1GN

(4.7)

This matrix describes already the heterodyne signal in the case of a discrete time
grid. Every column stands for the signal depending on the time at a specific delay.
This is the case because the indices of the test field E and the indices of the gate
G are incrementing by 1 from one row to an other (thus incrementing by one time
step), and the difference of the index of the gate and the test pulse, which describes
the delay, is constant for each column. The only problem with this matrix is that
the columns are not ordered by the delay yet. So the next step is to rearrange
the columns so that the corresponding delays are ascending. This last step results
in the following matrix, which is indeed equal to the heterodyne signal given by
equation (4.3).

s τ=−2∆t τ=−1∆t τ=0∆t τ=1∆t τ=2∆t s


· · · EN−1G1 ENG1 E1G1 E2G1 E3G1 · · ·
· · · ENG2 E1G2 E2G2 E3G2 E4G2 · · ·
· · · E1G3 E2G3 E3G3 E4G3 E5G3 · · ·

...
...

...
...

...
...

. . .

· · · EN−2GN EN−1GN ENGN E1GN E2GN · · ·

(4.8)

In equation (4.7) it becomes clear, why the time interval has to be at least double
the width of the pulse. When shifting the rows of the matrix and associating a
delay to each column, there will be entries that are not meaningful. For example,
E1 is one time step later than GN according to the matrix in equation (4.7) (second
column and last row). This is of course not true. However, if the time interval
is large enough so that, for example, the first third and the last third values of
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equation (4.4) and equation (4.5) are all zero, all terms in equation (4.7) that are
not meaningful in a similar manner are zero anyway.

4.1.3 Projection onto a set of functions fulfilling the phys-
ical constraint

When getting a new guess for the heterodyne signal by applying the projection
on a set of functions that fulfils the constraint given by equation (4.2), this new
guess of the heterodyne signal will probably not fulfil the second constraint given
by equation (4.3). It was shown in the last subsection that a heterodyne signal,
which fulfils this constraint, can be constructed by an outer product of a gate vec-
tor and a test pulse vector by simple operations. By doing the inverse operations,
one gets from a given heterodyne signal that fulfils equation (4.3) to an outer
product. Since we just know a guess for the heterodyne signal, it is highly unlikely
that one indeed ends up with an outer product. Therefore, one may instead say
that one gets to an outer product form. This illustrates that it is only supposed
to be an outer product. In the further, the outer product form matrix will be
denoted by O. Even though it may not be equal to a real outer product, every
matrix can be written as a sum of outer products. In order to do the projection
to a set of functions that fulfil the second constraint given by equation (4.3) one
just keeps the outer product that has the strongest contribution to the resulting
matrix. This is the principal component of the matrix and this gives the name
to the inversion algorithm: principal component generalized projection algorithm.
The two vectors that form this outer product are the new guesses.

In order to find the outer product with the highest contribution to the outer
product form matrix, one can apply singular value decomposition (SVD). This de-
livers the eigenvectors of the matrix OTO and OOT respectively. The eigenvectors
corresponding to the strongest outer product will be the next guess for the gate
and for the test pulse respectively. Since one is just interested in the eigenvectors
with the strongest contribution, an easier way is to use the power method. Here,
one finds the eigenvectors with the strongest contribution to the matrix by multi-
plying the matrix OOT and OTO with a random vector (actually one gets just a
good guess for the vectors after one multiplication). A reasonable choice for that
random vector is the last guess for the test pulse and gate respectively.
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Figure 4.2: Schematic describing the principal component generalized projection
algorithm. This figure is based on [58].

4.1.4 Overview of principal component generalized projec-
tion algorithm

Figure (4.2) shows the structure of a principal component generalized projection
algorithm. One is starting with an initial guess for the gate and the test pulse
(middle box at the top). Often random noise is used for this. From that initial
guess, a heterodyne signal is calculated. For this purpose, an outer product of the
test pulse guess and the gate guess is formed and converted to a heterodyne signal
matrix by row-shifting and column manipulation as described in subsection 4.1.2.
One axis of this heterodyne signal matrix is a time axis, and the other one is a de-
lay axis. The matrix is Fourier transformed with respect to the time axis since one
measures the spectral intensity in an experiment. Once one has that heterodyne
signal matrix in frequency domain, which is a spectrogram, the first constraint
given by equation (4.2) is applied. This is done by simply replacing the amplitude
of each complex number in the matrix with the measured amplitude (the square
root of the measured data). The phase of each entry, however, is kept. After
having applied the intensity constraint, one has to transform this matrix back to
the outer product form. In order to do this, the inverse Fourier transform is ap-
plied to the new matrix with respect to the time axis. Then one gets to the outer
product form by doing the inverse column manipulation and row shifting steps.
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The physical constraint is applied by choosing the outer product that contributes
the most to the resulting matrix. This is often done by the power method. The
result is a new guess for the gate and a new guess for the pulse, which should be
closer to the solution.

This cycle is repeated until the resulting guesses for the test pulse and the
gate are close enough to the correct solution or the algorithm stagnates (conver-
gence is not guaranteed for non-convex constraints [59]). One may calculate the
spectrogram from these two retrieved pulses and compare it to the measured spec-
trogram. This way, FROG allows checking the result from the algorithm since the
spectrogram is unique up to known ambiguities.

4.2 Including a local oscillator calculated from a

gate

The aim of this section is to describe an algorithm based on PCGPA (see sec-
tion 4.1), but with the difference that the measured spectrogram includes a local
oscillator. Instead of equation (4.1), the new signal is given by (compare equation
(2.3))

IFROG(ωt, τ) =

∣∣∣∣∣∣ 1

2π

∞∫
−∞

dt {LO(t) +G(t)E(t+ τ)} eiωtt
∣∣∣∣∣∣
2

. (4.9)

In this equation, LO(t) is the newly added local oscillator. The heterodyne signal
is still written as a product of a gate function and a test field. Since the structure of
this expression is similar to equation (4.1), some changes to the PCGPA algorithm
are enough to find an algorithm that also works for this case. This section shows
the changes that have to be made if the local oscillator is related to the gate. Then
an example is given for the special case that the gate as well as the local oscillator
are equal to the sampling field. Such a case was already investigated in [61]. They
have shown that carrier-envelope phase determination is possible for such a signal.
A similar case, which is interferometric frequency-resolved optical gating, has al-
ready been investigated with the result that the carrier envelope phase of the test
pulse can be retrieved as well with such a setup [62]. However, in both works, a
FROG signal was extracted and usual algorithms were used. Here an algorithm
for direct retrieval is presented theoretically.

The idea of the adjusted algorithm is the following: The problem is still the
same as in PCGPA in the sense that one tries to retrieve a gate and a test pulse.
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Figure 4.3: A schematic of an algorithm that is based on PCGPA and includes
a local oscillator that can be calculated from a gate (and vice versa). The green
boxes show the steps that are already in PCGPA. The yellow boxes show the
changes due to the inclusion of the local oscillator.

The local oscillator can be calculated from the gate in this case. Therefore, its
retrieval goes ahead with the retrieval of the gate. So the aim is to find a way to
do the same two projections as in PCGPA. To do the intensity constraint, one has
to add the guess for the local oscillator to the heterodyne signal guess in advance.
Because of the summation, the relative weight of the local oscillator and the het-
erodyne signal is important and has to be taken into account. Doing the second
projection is again more complicated. The way one wants to achieve it is the same
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as in PCGPA, namely by singular value decomposition or by the power method.
However, here the local oscillator is disturbing. Therefore, it has to be subtracted
before doing this projection.

The functioning of the algorithm is shown in more detail in figure (4.3). One
starts with a guess of the gate and a guess of the test pulse. Since one knows
the spectrum of the local oscillator (measured at large delays, where the gate and
the test pulse do not overlap, or measured separately by simply blocking the test
pulse), it makes sense to use this information. Therefore, one calculates a guess
for the local oscillator from the guess of the gate. Then one changes the spectral
amplitude of the local oscillator by the measured spectrum. Hereafter, one may
improve the guess of the gate by calculating a new guess from the local oscillator
with the correct spectrum. However, this is not obligatory.

From this point, one continues like in PCGPA. An outer product is formed
from the gate and the pulse guesses. This outer product is converted to a hetero-
dyne signal matrix and the matrix is Fourier transformed with respect to its time
axis. Then the guess of the local oscillator (in frequency domain) is added to each
column of the matrix (Here, it is assumed that a row of the matrix corresponds
to a specific frequency, and a column corresponds to a specific delay. Depending
on the concrete implementation, it could also be the other way around). This
addition is tricky because the relative weight of the two terms of the sum play a
role. The strength of the local oscillator can be treated as correct because its am-
plitude was already replaced by the measured spectrum. But the strength of the
heterodyne signal can deviate. Therefore, one has to fit the following expression
to the measured signal.

|mEHS(ωt, τ) + LO(ωt)|2

Here, m is a real number that has to be found by the fit. Via the factor m, the
strength of the heterodyne signal is adjusted. This kind of fitting and finding the
relative weight of the local oscillator to the heterodyne signal plays an important
role in order to make the algorithm work. The next step is to apply the intensity
constraint. Therefore, the amplitude of the complex matrix is replaced by the
square root of the measured spectrogram. The phase is kept the same. After-
wards, one has to prepare the resulting matrix for the physical constraint. This
means that one has to get rid of the local oscillator and bring the matrix to the
outer product form. In order to remove the local oscillator, one simply subtracts
the initial guess local oscillator. Of course, this simple way does not take into
account that the phase of the local oscillator may have changed by the intensity
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constraint. However, using the initial guess of the local oscillator for subtraction
works fine. After the local oscillator was subtracted from each row of the matrix,
it is transformed to the outer product form by column manipulation and row shift-
ing like in the original PCGPA algorithm. A new guess for the test pulse and for
the gate is achieved by the power method. The new guesses are again the two
vectors that produce the strongest outer product of the outer product form. One
vector is the new gate guess, and the other one is the new pulse guess. A new
guess of the local oscillator goes ahead with the new guess of the gate. This cy-
cle is repeated multiple times until it converged (hopefully) to the correct solution.

Figure (4.4) shows an example for the reconstruction with the presented al-
gorithm. The local oscillator is identical to the gate in this example. In figure
(4.4a) the starting spectrogram can be seen on the left-hand side. One can clearly
see, that it consists of a stripe at around 0.2 PHz. This stripe is the spectrum of
the local oscillator, which is a simple Gaussian pulse in this example. One can see
that, for small delays, the local oscillator interferes with the heterodyne signal. On
the right-hand side, the reconstructed spectrogram is shown. The real test pulse
and the real gate were formed in time domain. To ensure that low frequencies are
suppressed, the pulses were Fourier transformed and multiplied by the square of
the frequency before transforming it back to time domain. The number of itera-
tions through the cycle given by figure (4.3) was 500. Even though for a smaller
number of iterations the result was quite good as well, it visibly still improved for
higher numbers. Especially the height of each half-cycle improved. By comparing
the two spectrograms, one can see that the reconstruction worked perfectly in this
case. Figure (4.4b) and figure (4.4c) confirm the perfect reconstruction in time
and frequency domain. However, the retrieved pulse was shifted in time by hand
to achieve perfect overlap with the actual pulse.

When testing the algorithm for different combinations of test and sampling
fields, it turned out that the reconstruction worked pretty well for most cases.
The performance surpassed the performance of the traditional PCGPA algorithm
in quite a few cases. This is probably due to the additional information encoded
in the interference of the heterodyne signal with the local oscillator and the fact
that effectively, despite of the local oscillator, only two pulses have to be retrieved.

4.3 Limitations of FROG-like reconstruction

Even though FROG-like reconstruction has the huge advantage that a gate can
be retrieved along with the test pulse, it has some drawbacks. Firstly, there are
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some ambiguities. The sign of the electric field of the pulses and the temporal
orientation can not be retrieved correctly. Those have to be measured separately
if needed. Even though the carrier envelope phase ambiguity can be resolved
by the interference of the local oscillator with the heterodyne signal, one has
to do the assumption that the local oscillator can be calculated from the gate.
This assumption may be justified because both the gate and the local oscillator
depend on the sampling pulse. Hence, a relation between the gate and the local
oscillator may be found. Secondly, it was assumed that the heterodyne signal in
time domain is a simple multiplication of the test pulse and a gate. This is a
very simplified model. Effects like phase-matching or non-instantaneous material
response are disregarded. Phase-matching effects become more severe the thicker
the crystal is. Hence, a thin crystal with less power conversion has to be used.
The heterodyne signal will therefore be very weak. Non-instantaneous material
response becomes more important if the frequency of the light pulses is close to
the resonant frequency of the electrons in the crystal. Consequently, disregarding
non-instantaneous material response is only justified for frequency ranges far from
any resonance.
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Figure 4.4: An example of a retrieval where the local oscillator is related to the
gate. (a) Comparison of a simulated and the retrieved spectrogram (b) The real
pulse and the retrieved pulse are overlapped in time domain. (c) The real pulse
and the retrieved pulse are overlapped in frequency domain. The continuous lines
show the amplitude and the dashed lines show the phase, respectively.
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Chapter 5

Summary and Outlook

In this thesis, a field sampling technique based on the interference of a local oscil-
lator with a heterodyne signal was analysed. In chapter 2, an analytical expression
for the heterodyne signal and the local oscillator was derived. In chapter 3, pulse
retrieval via a response function was analysed. Basic characteristics of the response
function were investigated. Then a method for retrieving unknown parameters of
the response function by minimizing a suitable loss function was presented. Lastly,
it was shown how measurements at different detection frequencies can be brought
together to calculate the test pulse in frequency domain. In chapter 4, ideas from
FROG were transferred to the measured signal of the previous chapters. It was
shown that, due to the similarities of the signals, the principal component gen-
eralized projection algorithm can be adjusted for the new spectrogram. The test
pulse and a gate can be retrieved this way. The carrier envelope phase ambiguity
is resolved when the local oscillator interferes with the heterodyne signal.

Some ideas of this thesis may be used for future pulse measurements. Using
the measurement technique based on the response function is a simple tool for
pulse characterization if the response function is known. Even though chapter 3
was based on an analytical expression for the heterodyne signal and local oscillator
derived in chapter 2, the results are promising. In real applications, the response
function may be found by more sophisticated simulations or calibrated by a known
test pulse before turning to unknown pulses.
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