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We address the long-standing problem of determining accurate, time-resolved ionization rates for atoms in
strong laser fields, a quantity that is fundamental to attosecond science. We show that it is possible to retrieve
sub-optical-cycle dynamics of strong-field ionization from ionization probabilities obtained for a set of few-cycle
laser pulses that covers a sufficiently broad parameter space. To this end, we introduce the general approximator
for strong-field ionization rates, a retrieval tool that uses a few adjustable parameters to accurately reconstruct
ab initio data. By imposing only essential physical constraints, our model provides a versatile framework for
time-domain investigations of strong-field ionization and the role of ionization dynamics in attosecond metrology
and lightwave electronics.

DOI: 10.1103/vxgm-kdtt

Introduction. The concept of the ionization rate is central
to attosecond physics, serving as a foundation for analyzing
how atoms and molecules respond to intense laser pulses.
Accurate knowledge of ionization rates is essential for
designing and interpreting experiments, as well as for con-
trolling light-matter interactions at the petahertz scale. For
example, recent advances in attosecond metrology enabled
time-domain measurements of optical fields using multipho-
ton ionization of atoms or photoinjection of carriers in a
solid as a subfemtosecond gate [1–3]. The interpretation of
such measurements heavily relies on theoretical ionization
rates [4,5]. Despite their important role, a rigorous descrip-
tion of ionization rates remains fundamentally challenging.
Attosecond spectroscopy provides only indirect evidence of
sub-optical-cycle ionization dynamics [6–8], and the very no-
tion of ionization rate has been the subject of ongoing debate
within the field as exemplified by “attoclock” measurements
and their theoretical descriptions [9–11].

From a theoretical standpoint, there are two primary strate-
gies for obtaining ionization rates. The first one is to search
for approximations that result in analytical expressions for
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ionization rates, as is the case with the strong-field ap-
proximation [12,13] and its refinements that account for the
long-range Coulomb interaction [14–18]. This approach has
been very successful in understanding the physics of sub-
optical-cycle nonadiabatic (henceforth, diabatic) ionization
dynamics [19–21], but by not being able to match the accuracy
of ab initio calculations, such approximate analytical theories
may fail to incorporate important effects.

The second approach is purely numerical and avoids ap-
proximations that render analytical theories inaccurate. In the
quasistatic limit, significant progress was made using complex
scaling [22,23]. In the diabatic regime, the time-dependent
Schrödinger equation (TDSE) is solved numerically for a
given laser pulse. If it were possible to calculate instanta-
neous ionization probabilities from snapshots of an electron
wave function, it would be possible to calculate ionization
rates from time-dependent ionization probabilities. However,
all such attempts face the same fundamental problem: In the
presence of a strong electric field, which exerts a force on an
electron comparable to the force holding it within the atom,
the distinction between the bound and continuum parts of the
electron’s wave function becomes ambiguous. It is possible to
project the wave function onto the eigenstates of the unper-
turbed atomic Hamiltonian, but these states poorly represent
the strongly perturbed Hamiltonian. It is possible to define
time-dependent states that adiabatically evolve from the initial
eigenstates, but this can be done in various ways [24–26],
none of which guarantees an accurate calculation of instan-
taneous ionization probabilities. After the interaction with a
laser pulse, an electron’s wave function is easily separated into
bound and continuum parts. However, since it is impossible
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to turn off ionization in the middle of a laser pulse while
preserving all other quantum dynamics, it is impossible to
track back what part of the final free-electron wave function
was already free at a certain moment within the pulse.

So, there is a dilemma: Numerical calculations predict
accurate ionization probabilities but yield ambiguous ioniza-
tion rates. Analytical approaches provide explicit formulas for
ionization rates but fail to achieve quantitative accuracy. To
resolve this dilemma, we propose to retrieve ionization rates
from accurate (calculated or measured) ionization probabili-
ties. This idea is not entirely new: there are well-established
approximations in the quasistatic limit [27], where it is also
possible to define and calculate an ionization rate as a func-
tional derivative of the ionization probability [28]. Here, we
propose a universal formula with five adjustable parameters
that is suitable for retrieving ionization rates even when the
quasistatic approximation fails.

Theoretical background. The most essential property of
any ionization rate �(t ) is to predict the ionization probability
via

Pion = 1 − e− ∫ ∞
−∞ �(t ) dt , (1)

which follows from the rate equation for the concentration of
neutral atoms: dNat/dt = −�(t )Nat (t ). Consider a hypotheti-
cal case where, for a certain atom, one can find a functional
that maps the electric field E(t ) of any laser pulse to such
a function �(t ) that Eq. (1) is always satisfied. If such a
functional were unique, there would be no objections to
regard �(t ) as the rate of ionization even if instantaneous
ionization probabilities during a laser pulse are fundamentally
inaccessible. However, the requirement of uniqueness requires
from the functional more than correct ionization probabilities.
Here is a trivial example: the rates �(t ) and a�(at ) predict
the same ionization probabilities for any nonzero constant a.
What other condition must be imposed on the ionization-rate
functional, which is essentially just a mathematical expression
for �(t ) that contains E (t )? Since ionization rates are unam-
biguously defined in the strong-field approximation (SFA),
we propose the requirement that this mathematical expres-
sion must reproduce the known rates in the SFA limit. To
prove the principle, we consider here an even stricter limit,
where the Coulomb interaction of the free electron with the
ion, the polarizability of the ground state, the AC Stark ef-
fect, and transitions to excited bound states are neglected. In
summary, we define an ionization rate as the E(t ) → �(t )
functional that predicts correct ionization probabilities and
has the correct SFA limit.

In the SFA, the expression for the ionization rate can be
written in the following form [4,18]:

�(t ) =
∫ ∞

−∞
dT K (t, T ), (2)

where the kernel K (t, T ) depends on E(t ) in the time interval
between t − T and t + T . The time T thus accounts for the
nonadiabaticity of ionization.

In the following, we use atomic units unless otherwise
stated. For simplicity, we assume that the laser pulse is linearly
polarized along the z axis: E(t ) = ezE (t ). In this case, the SFA

predicts [see Eq. (6) below]

K (t, T ) = E+E− exp
{
iT

[
2Ip + σ 2

A (t, T )
]}

f (t, T ), (3)

where Ip is the ionization potential and E± = E (t ± T ). We
define the vector potential A(t ) by E (t ) = −A′(t ), and Eq. (3)
uses the following notation:

σ 2
A (t, T ) = 1

2T

∫ t+T

t−T
A2(t ′) dt ′ −

(
1

2T

∫ t+T

t−T
A(t ′) dt ′

)2

,

(4)

which can be interpreted as the variance of the vector potential
over the interval 2T . Note that adding a constant to A(t ) does
not change σ 2

A (t, T ). The function f (t, T ) on the right-hand
side of Eq. (3) depends on the laser field and will be defined
below.

According to the above equations, �(t ) depends on the
values of the laser field before and after t . This noncausality
emerges from the ambiguity in partitioning a wave function
into bound and free components in the presence of a strong,
time-dependent electric field.

Below, we outline the derivation of Eq. (3) and propose
a model for f (t, T ) that extends the applicability of Eq. (3)
beyond the SFA.

The ionization-rate functional. In the length-gauge SFA
(within the dipole approximation), the following expression
[see Eq. (A2)] can be derived as [4,18]

KSFA(t, T ) = 2E+E−eiT (2Ip+σ 2
A (t,T ))

×
∫

d3 p eiT (p+ezA)2
d∗

z (p + ezA+)dz(p + ezA−).

(5)

Here, A± = A(t ± T ), A = 1
2T

∫ t+T
t−T A(t ′) dt ′, and d(p) is the

dipole matrix element for the transition from the atomic
ground state to the state where the atom is ionized, and the
photoelectron has a momentum p. The variable substitution
p → p − ezA transforms Eq. (5) into

KSFA(t, T )

= 2E+E−eiT (2Ip+σ 2
A (t,T ))

∫
d3 p

{
eiT p2

d∗
z

(
p + ez

ξ2 + ξ1

2

)

× dz

(
p + ez

ξ2 − ξ1

2

)}
, (6)

where we introduce ξ1 = A+ − A− and ξ2 = A+ + A− − 2A.
Note that for small values of |T |, ξ1 ≈ −2T E (t ) and ξ2 ≈
−T 2E ′(t ). A comparison of Eq. (6) with Eq. (3) reveals
f (t, T ) in the SFA limit.

Our goal now is to generalize Eq. (6) beyond the SFA,
while also making it suitable for ionization-rate retrievals. We
accomplish this goal by generalizing special cases where the
integral over momenta in Eq. (6) can be evaluated analytically.
The details of this analysis can be found in Appendices B
and C. Here is the best general approximator for strong-field
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ionization rates that we have been able to find so far:

f (t, T ) = π3/2a0

(
i

T + ia1

)3/2+a4

×
[

2i

T + ia1
− ξ 2

1 −
(

iT ξ2

T + ia1

)2
]

× exp

{
−a1

4

(
a2ξ

2
1 + a3T ξ 2

2

T + ia1

)}
. (7)

In addition to the normalizing prefactor a0, this model has four
other adjustable parameters, from a1 to a4, that are supposed
to incorporate not only the information that Eq. (6) stores in
the dipole matrix elements but also the information required to
describe the effect of the Coulomb force on the photoelectron
and that of the laser field on the ground state prior to ioniza-
tion. In the next section, we validate the general approximator
for strong-field ionization rates (GASFIR) by showing that
Eqs. (2), (3), and (7) allow for accurate and reliable retrieval
of ionization rates from ionization probabilities within and
beyond the strong-field approximation.

Validation. Numerical results in this section were obtained
for laser pulses with the following vector potential:

A(t ) = EL

ωL
cos8

(
πt

τL

)
cos(ωLt ) (8)

for π |t |/τL � π/2 and zero outside this interval. Here, EL is
the peak electric field, ωL is the central angular frequency of
the pulse, and τL is related to the full width at half maximum
(FWHM) of intensity via τFWHM = 2τL arccos(2−1/16)/π . The
central wavelength of the pulse is λL = 2πc/ωL, where c is
the speed of light. The peak intensity of the pulse is I =
E2

L/(2Z0) with Z0 = 377 ohm being the impedance of free
space.

For our SFA calculations, we numerically integrate over
the momenta in Eq. (6) and over T in Eq. (2). That is, we do
not use the saddle-point method to approximate any of these
integrals. For the numerical solution of the single-electron
TDSE in the dipole approximation, we used the tRecX code
[29]. With tReX, we calculated ionization probabilities using
the time-dependent surface flux (t-SURFF) method [30].

Reconstruction of ionization probabilities. We begin by
demonstrating, in Fig. 1, the accuracy with which GASFIR
reconstructs ionization probabilities for two-cycle laser pulses
(τFWHM = 2 × 2π/ωL) in a broad parameter range typical for
strong-field experiments. For these tests, the input data consist
of a total number of 51 probabilities (shown by diamonds)
calculated for a single value of the peak laser intensity: 8 ×
1013 W/cm2. We use numerical optimization (further details
are provided in Supplemental Materials [31] and in [32]) to
find the GASFIR parameters that best reproduce this data,
see the first two rows of Table I. In the same plots, we com-
pare another set of ionization probabilities (circles) against
the GASFIR predictions. For both SFA and ab initio data,
the GASFIR results are close to the training and validation
data. The quality of agreement is worse for TDSE indicat-
ing that Eq. (7) only partially accounts for the role of the
Coulomb force that the ion exerts on the photoelectron, as
well as for the polarizability of the ground state (AC Stark
shift). These effects influence channel closing [33], which

FIG. 1. GASFIR reconstruction of ionization probabilities.
(a) Strong-field approximation. (b) The numerical solution of the
TDSE. For both panels, the probability of ionizing a hydrogen atom
with a two-cycle laser pulse was calculated for various combinations
of the pulse’s central wavelength and peak intensity. The retrieved
probabilities (solid lines) are close to both the input data (diamonds)
and the validation data (points).

we clearly see in both panels of Fig. 1 as the oscillations of
the ionization probability with respect to λL. Furthermore,
the maximal intensity in this test (1.5 × 1014 W/cm2, green
curve) exceeds the barrier-suppression intensity, which also
violates the assumptions of the SFA derivation. Nevertheless,
GASFIR’s predictions are qualitatively correct.

The reliability of retrieved ionization rates. In the strong-
field approximation, we can directly compare ionization rates
retrieved by GASFIR with those calculated by numerically
integrating Eqs. (6) and (2). We observed excellent agreement,
and Fig. 2 shows a typical example for a single-cycle pulse
(τFWHM = π/ωL = 1.67 fs). We thus see that both require-
ments that we formulated in our definition of the ionization
rate are satisfied: the accurate reconstruction of ab initio

TABLE I. Fit parameters obtained by fitting on the input data
obtained from SFA and TDSE calculations.

a0 a1 a2 a3 a4

HSFA 3.38 3.50 2.04 0.28 0.00
HTDSE 6.51 3.50 3.41 3.19 −0.50
HQS 2.84 3.50 3.88 NA −0.50
HeQS 0.02 1.02 2.21 NA −2.91
NeQS 0.93 1.91 4.17 NA −0.03
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FIG. 2. GASFIR correctly retrieves the SFA ionization rate
(blue) from the SFA ionization probabilities. The SFA rate was
calculated using Eq. (6) without any adjustable parameters for a
hydrogen atom exposed to a 500-nm, single-cycle laser pulse with a
peak intensity of I = 1014 W cm−2 (EL = 2.75 V Å−1). The retrieval
process did not use the SFA rates. The shaded area represents the
square of the electric field.

ionization probabilities that we see in Fig. 1(b) combined with
the accurate reconstruction of the SFA rates. Nevertheless, let
us see if there is additional evidence that �(t ) retrieved from
ab initio data indeed has properties that one would expect from
an ionization rate.

For this purpose, we consider the following time-
dependent quantity accessible in a numerical solution of the
TDSE: the probability to observe an electron at a distance
from the ion that is sufficiently large to regard the electron
as free [34]. This quantity is not exactly the instantaneous
ionization probability because for any choice of the cutoff
distance r0 that safely excludes the ground state, some parts
of a free-electron wavepacket need a significant time to reach
the distance, and no choice of r0 can exclude all Rydberg
states. For this reason, we cannot directly compare this prob-
ability, Pr�r0 (t ), with instantaneous probabilities obtained by
integrating GASFIR rates. For a fair comparison, we combine
GASFIR rates with a classical analysis of electron trajectories
that accounts for the Coulomb force that the ion exerts on the
photoelectron, see Appendix D and [4] for details. A similar
approach was utilized to reconstruct ionization rates from
TDSE predictions [35].

Figure 3 compares the ionization dynamics in both models.
Despite the simplicity of the semi-classical model, the agree-
ment is remarkably good. In both curves, the steepest increase
is delayed with respect to the peak of the laser pulse because
of the time it takes a photoelectron to reach a distance of
21 Å.

Quasistatic limit. We now consider the quasistatic limit
of GASFIR. This not only enables direct comparison with
well-known theories of tunneling ionization, but also provides
a reference for detailed investigations of diabatic dynamics
in strong-field ionization of atoms. To derive an analytical
expression for the quasistatic ionization rate using GASFIR,
we consider the case of a constant electric field [E (t ) = E =
const.] and use the saddle-point method to integrate over T in
Eq. (2), the integrand being defined by Eqs. (3) and (7). The

FIG. 3. The probability of finding an electron at a distance r �
21 Å from the ion as a representation of ionization dynamics. Here,
we compare the probability obtained from the numerical solution of
the TDSE to that evaluated by combining GASFIR’s ionization rates
with a classical analysis of electron trajectories. The laser parame-
ters were: λL = 1000 nm, I = 1014 W cm−2 (EL = 2.75 V Å−1), and
τFWHM = 3 × 2π/ωL = 10 fs.

result is

�QS(E ) = 2π2a0|E | 1 + 2E2T̃ 2
s (a1 + T̃s)

(a1 + T̃s)a4+ 5
2

√
a1a2 + T̃s

× exp
{−2IpT̃s + E2T̃ 2

s (a1a2 + T̃s/3)
}
, (9)

where

T̃s =
√

2Ip

E2
+ (a1a2)2 − a1a2 (10)

is the imaginary part of the saddle point Ts = iT̃s. Parameter a3

is absent in �QS, it is related to ξ2, which is zero for a constant
electric field.

For moderately strong fields with (a1a2E )2 � 2Ip, Eq. (9)
can be simplified to an expression that is similar to well-
established analytical results for tunneling ionization

�QS(E ) ≈ 2π2a0
|E |3+a4 (2κ3 + (2a1κ

2 + 1)|E |)
(κ + a1|E |) 5

2 +a4
√

κ

× exp

{
− 2κ3

3|E |−κ (a1a2)2|E | + a1a2κ
2 + O(E2)

}

(11)

with κ = √
2Ip. The first term in the argument of the expo-

nential function in Eq. (11) is characteristic of the tunneling
regime [13,16], and it does not contain any of the adjustable
parameters. Notably, a term equivalent to e−κ (a1a2 )2|E | appears
in the empirical tunneling rate proposed by Tong and Lin [27],
who introduced it to remedy the overestimation of rates in
the barrier-suppression regime, |E | > κ4/16. Figure 4 com-
pares previously published quasistatic (tunneling) rates for
several atoms with ionization rates in the quasistatic limit of
GASFIR. The input data for hydrogen was calculated using
the complex scaling method [23]. The rates for helium and
neon account for electron-electron interaction in the frame-
work of the hybrid antisymmetrized coupled channels (haCC)
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FIG. 4. Tunneling (quasistatic) rates. The black crosses indicate
the barrier-suppression fields. The other markers represent literature
values calculated using the complex-scaling method for the ioniza-
tion rate in a static electric field for atomic hydrogen (red circles),
neon (blue triangles), and helium (green squares). The curves rep-
resent the quasistatic limit of GASFIR, Eq. (9). The solid curves
were obtained by retrieving the model parameters from the data
represented by the markers. The corresponding parameters are listed
in the last three rows of Table I. The gray dashed curve is calculated
with the model parameters that best describe the ionization of atomic
hydrogen by two-cycle laser pulses.

method [36,37]. For atomic hydrogen, the gray dashed curve
represents the predictions of Eq. (9) with the same model
parameters as those we used to make Figs. 1(b) and 3. To
obtain the data for the solid curves in Fig. 4, we numerically
optimize the parameters in Eq. (9) to approximate the input
data. The model parameters are listed in Table I. These results
provide preliminary evidence that the GASFIR can describe
the strong-field ionization of multielectron atoms.

Conclusion. For linearly polarized laser pulses, Eqs. (2),
(3), and (7) provide a general framework (which we refer to
as GASFIR) for retrieving multiphoton ionization rates from a
set of ionization probabilities that can be measured in experi-
ments or calculated ab initio. For atomic hydrogen, this model
accurately reproduces correct ionization probabilities in a
broad range of laser parameters, accounting for interference
effects such as channel closing. We also obtained an analytical
expression for the tunneling limit of our model for ionization
rates, Eq. (9). This expression very accurately approximates
the quasistatic ionization rates of hydrogen, helium, and neon,
which provides further evidence that GASFIR can account
for the effect of the Coulomb interaction between the ion and
the photoelectron on photoionization dynamics. Although our
demonstration of GASFIR is limited to atomic gases, the same
approach is likely to work for molecules and other quantum
systems. In particular, access to accurate photoinjection dy-
namics in semiconductors and dielectrics would significantly
advance the field of lightwave (petahertz) electronics.

Acknowledgments. The authors acknowledge fruitful dis-
cussions with F. Krausz. M.A. acknowledges support from
the Max Planck Society via the International Max Planck Re-
search School for Advanced Photon Science (IMPRS-APS).

Data availability. The data that support the findings of this
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Appendix A: SFA kernel. We start with the well-known
equation for SFA’s predicted continuum wavepacket [38]

lim
t→∞ |
(t )〉 = −i

∫
d3 p |p〉

∫ ∞

−∞
dt ′ e− i

2

∫ ∞
t ′ [p+A(t ′ )]2 dt ′

× eiIpt ′ 〈p + A(t ′)|dE(t ′)|
0〉, (A1)

to obtain the ionization probability

Pion = lim
t→∞〈
(t )|1̂|
(t )〉

=
∫

d3 p′
∫∫ ∞

−∞
dt1 dt2

{
ei(t2−t1 )Ip+ i

2

∫ t2
t1

dt ′ [p′+ezAz (t ′ )]2

× Ez(t2)dz
(
p′ + ezAz(t2)

)
Ez(t1)d∗

z

(
p′ + ezAz(t1)

)}
.

(A2)

We define t = (t2 + t1)/2, T = (t2 − t1)/2, and express the
phase-terms using the variance of the vector potential,
σ 2

A(t, T ). A simple comparison of the resulting integrand with
Eq. (1) and Eq. (2) gives Eq. (5).

Appendix B: Limits. In addition to the numerical evidence
that GASFIR successfully retrieves SFA rates, we can com-
pare the analytical expression for KSFA(t, T ) and K (t, T ) in
two limits: T → 0 and T → ∞. At T = 0, Eq. (5) reduces to

KSFA(t, T = 0) = 2E2(t )
∫

d3 p
∣∣dz

(
p
)∣∣2 ∝ E2(t ). (B1)

Equation (3) with f (t, T ) from Eq. (7) yields the same result:

K (t, 0) = 2a0

a5/2+a4
1

E2(t ) ∝ E2(t ). (B2)

In the limit of large T , the stationary-phase method allows us
to integrate over p in Eq. (6)

KSFA(t, T )
T →∞−−−→ 2E+E−eiT [2Ip+σ 2

A (t )]

(
iπ

T

)3/2

× d∗
z

(
ez

ξ2 + ξ1

2

)
dz

(
ez

ξ2 − ξ1

2

)
. (B3)

For GASFIR, we set a4 = 0 because the SFA requires it. We
also approximate T + ia1 ≈ T for large values of |T |. This
yields

K (t, T )
T →∞−−−→ a0

(
i

T

)3/2

E+E−eiT [2Ip+σ 2
A (t )]

× e− a1
4 (a2ξ

2
1 +a3ξ

2
2 )

[
ξ 2

2 − ξ 2
1

]
. (B4)

Consequently, GASFIR reproduces KSFA(t, T ) in the limit of
large T if exp{− a1

4 (a2ξ
2
1 + a3ξ

2
2 )}[ξ 2

2 − ξ 2
1 ] can approximate

d∗
z (ez

ξ2+ξ1

2 )dz(ez
ξ2−ξ1

2 ).
Appendix C: Analytical approximation of the integral over

momenta. The dipole matrix element describing transitions
from the ground state of a hydrogen atom to a plane wave
with momentum p is known to be

d1s(p) = 27/2(2Ip)5/4 p
(p2 + 2Ip)3

. (C1)

With this matrix element, it is impossible to analytically eval-
uate the integral over p in expression for KSFA(t, T ), such
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as Eq. (6). However, as long as the main contribution to the
integral comes from small momenta (which is the case when
ionization creates a wave packet with a small initial average
velocity), we use the following approximation for the bound-
continuum matrix elements allows for analytical integration:

d(p) = a0e− τ p2

2 p. (C2)

In this case, we obtain

fGauss(t, T ) = a2
0π

3/2

4

(
i

T + iτ

)3/2

e− τ
4 (ξ 2

1 + T ξ2
2

T +iτ )

×
[

2i

T + iτ
− ξ 2

1 −
(

i

T + iτ

)2

T 2ξ 2
2

]
. (C3)

Equation (7) is a generalization of Eq. (C3).
Appendix D: Classical Newtonian propagation after ioniza-

tion. Let us consider the motion of a classical electron in the
electric field of the light pulse, E(t ), and the field of the singly
charged ion placed at r = 0. The force acting on an electron
at position r is equal to

F(r) = − r
|r|3 − E (D1)

in atomic units. By solving Newton’s equation of motion, r̈ =
F(r(t )), we can find the position, r(t, t0), of a free electron at

time t if its classical motion begins at time t0. With that,

Pr>r0 (t ) ≈
∫ t

−∞
dt0�(t0)�(|r(t, t0)| − r0). (D2)

Here, � denotes the Heaviside step function. We chose
r(t0, t0) to be the point where the classically forbidden region
ends along the line that passes through r = 0 in the direction
of the electric field, E(t0). The expression for this initial con-
dition in atomic units is

r(t0, t0) = − E(t0)

|E(t0)|
|Ip| +

√
I2
p − 4|E(t0)|

2|E(t0)| . (D3)

To keep our classical model as simple as possible, we did
not average over an ensemble of electron trajectories with dif-
ferent initial velocities. Instead, we adjust the initial velocity,
which we took to be along the orthogonal axis. The results
shown in Fig. 3 are obtained with v(t0) = 0.5ey. We addition-
ally provide a figure in the Supplemental Material [31] that
demonstrates how varying the choice of initial velocity by
as much as 20% does not affect the general conclusion that
GASFIR ionization rates are quite meaningful.
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